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These notes describe two constructions of measure-preserving transforma-
tions, one probabilistic and one geometric. The notes are a supplement to the
book [5]. The material is all standard, and in particular may largely be found
in the monograph of Cornfeld, Fomin and Sinai [4]. It is assembled here to
provide a convenient source.
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Chapter 1
Constructions from Probability Theory

Examples of measure-preserving transformations (and, more generally, of
group actions that preserve a probability measure) are of central impor-
tance in ergodic theory. Any continuous map of a compact metric space
gives rise to at least one measure-preserving map (and possibly to many
measure-preserving maps). Many of the applications in number theory arise
from a specific type of construction of measure-preserving group actions built
from lattices in Lie groups. Here we give a brief introduction to some rather
different constructions which are also of great importance in ergodic theory.

The close connection between probability and ergodic theory is largely
concerned with the theory of entropy; here we indicate the connection be-
tween measure-preserving systems and stationary stochastic processes, and
go on to describe the important class of Gaussian dynamical systems!. Some
terminology from probability will be used, and in particular the conditional
expectation is used in Section 1.3.2.

1.1 Stationary Processes and Measure-Preserving Maps

Let (£2, A, P) be a probability space (that is, P is a measure on the o-
algebra A of subsets of 2, and P(£2) = 1) and let (fy),., be a sequence
of real-valued elements of L% (£2) with the following properties: For any finite
set F'={ni,na,...,n,.} C Z, the probability measure Pr defined by

Pp(A)=P({we 2| (fiw),. .., fr(w)) € A})

1 We follow the treatment of Cornfeld, Fomin and Sinaf [4] closely; other convenient sources
include the lecture notes of Totoki [35] and the notes of Neveu [29] and Maruyama [26]. The
decomposition in Section 1.3.1 and part of the spectral analysis of Gaussian systems is due
to Ité [16], [17]; further spectral analysis was carried out by Fomin [9], [10]. Theorem 2 was
proved by Girsanov [12] and Theorem 3 by Foias and Stratila [8]. Versik [38], [37] showed
that Gaussian systems with countable Lebesgue spectrum are all measurably isomorphic.
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for any Borel set A C R” only depends on the set F' up to translation, in
the sense that Pr = Pp, for any n € Z. In particular, the measure P, is
independent of n € Z. The functions f,, € L%(£2) are called random variables,
and any such sequence (fy), o, is called a stationary stochastic process. For
any random variable f € L%(2), write E(f) = Ep(f) = [fdP for the
expectation or mean of f. A stationary stochastic process (fn),cz is called
centered if the expectation E(fp) = 0, and the function ¢ : n — E(fof,) is
the covariance function of the process.

Definition 1 (Kolmogorov representation). Let (fy,), ., be a station-
ary stochastic process on the probability space (§2,.A, P). The associated
measure-preserving system is (X, B, u, T'), where

e X = R?Z and B is the Borel o-algebra defined by the product topology
on X;

e for any finite set F' C Z, p is the probability measure on X uniquely
determined? by the property that u({z € X | nr(z) € A}) = Pp(A) for
any Borel set A C R, where 7 : R — R¥ denotes the projection onto
the coordinates in F'; and

e the map T is the left shift on X.

Notice that the stochastic process can be recovered from the associ-
ated dynamical system, since f, = m,; by construction. More generally,
if (X, B, u,T) is any measure-preserving system, and f € Li then the func-
tions defined by f, = U} f form a stationary stochastic process.

The measure-preserving system constructed in Definition 1 from the sta-
tionary stochastic process defined by a function f in Li on a measure-
preserving system (X, B, u,T) is a factor of (X, B, u, T) (see [5, ]).

1.2 Gaussian Dynamical Systems

Gaussian probability distributions arise naturally in probability and statis-
tics, and in particular arise via the central limit theorem whenever indepen-
dent identically distributed random variables are averaged. In this section we
show how Gaussian measures may be used to construct a measure-preserving
system from a suitable measure on the circle. Just as in the simple case of
compact group automorphisms (see [5, ]), we are able to understand ergodic
properties of Gaussian automorphisms by studying a suitable decomposition
of the space of square-integrable functions under the action of the associated
isometry.

Recall that a real r x r matrix C is called positive-definite if x*Cx > 0 for
any x € R", with equality only for x = 0.

2 This property determines u by the Kolmogorov consistency theorem [5, ].
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Definition 2. Let (X, B, i) be a probability space. A list (1, ..., ) of real-
valued random variables on (X, B, i) has an r-dimensional Gaussian distri-
bution if there is a positive-definite r x r matrix C' (the covariance matrix)
with the property that

p{reX |z eCy,...,z €C,})
_ ! / / e HER'CT e g5y ds,,
(2m)7/2\/det(C) Je, C.

where X = fX xdp = (T1,. .., %) is the mean of the list of random variables.

Notice that an r-dimensional Gaussian distribution is completely deter-
mined by the means z; and the covariances

c(zi,zj) = E(zim;) = / iz dp
X
for1 <ié,5<r.

Definition 3. Let X = R” and let B be the Borel o-algebra on X. A prob-
ability measure p defined on B is called Gaussian if the joint distribution
of (Zny,-..,%n,) is an r-dimensional Gaussian distribution for any r > 1 and
integers ny < -+ < ny.

The parameters defining the r-dimensional Gaussian distribution for the
random variables (2,,,...,zy,) for all r determine p by the Kolmogorov
consistency theorem. The measure 4 is called stationary (invariant under the
shift map) if Z,, = m is independent of n € Z and

(T, Tny) = (Tny4ns Tngtn)

for all ny,n9,n € Z. In this case we define the correlation function to be
c(n) = e(xo, xy).

Since the map (2, )nez — (Tn — M)nez transfers a Gaussian measure to a
Gaussian measure with zero mean, we assume from now on that the mean m
is zero. Notice that the correlation function is symmetric, since

e(—n) = c(xo,x—-n)
= c(xp,x0)
= E(znx0)

= ¢(xo,xn) = ¢(n)

for any n € Z. Small values of the correlation function correspond to near-
independence of the random variables, and for this reason Gaussian processes
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are useful in the study of various kinds of asymptotic independence for the
measurable dynamical system given by the shift map T on X.

Ezample 1. Two simple extreme examples of Gaussian behavior are indepen-
dence and identity.

1. Define a measure on R by setting

1 58
/J/O(A) = \/—Q_F/Ae_; 2d8

and then let 1 = [], o be the infinite product measure. This measure
is invariant under the left shift map, and defines a Gaussian dynamical
system with correlation function

c(n){l if n =0;

0 if not.

This is an example of a Bernoulli shift on an infinite alphabet.
2. Define 9 as above, and now define i on R% by

pH{reX |z eC,...,z, €C})=po (C1N---NC).

This defines a Gaussian dynamical system with ¢(n) =1 for all n, and is
measurably the same as the identity map.

Definition 4. A function ¢ : Z — C is positive-definite if, for any set
{ni,...,n,} CZ

and complex numbers aq,...,a, we have

XT: XT: a;a;c(n; —n;) = 0.

j=11i=1

Since the covariance matrix C' associated to a Gauss measure is positive-
definite, the correlation function ¢ is positive-definite in the sense of Defini-
tion 4, and is symmetric. It follows by the Herglotz—Bochner theorem that
there is a unique finite measure p on T with the property that

1
c(n) :/ e2™ns dp(s) (1.1)
0
for all n € Z. The measure p is called the spectral measure of the Gaussian
measure p, and p determines p (since we have assumed that the mean m is
zero). The symmetry property ¢(n) = ¢(—n) implies that p(B) = p(—B) for
any Borel set B C T.
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Ezample 2. The spectral measure in Example 1(1) is the Lebesgue measure
on the circle, and the relation in equation (1.1) is simply the familiar orthog-
onality of characters. The spectral measure associated with Example 1(2)
is &g, the point mass at zero.

We will see later that these crude examples, in which an atomic spectral
measure is associated to a non-ergodic measure-preserving system while the
spectral measure for the infinite Bernoulli shift is non-atomic, reflect more
general results (see Theorems 1 and 4).

Lemma 1. There is a one-to-one correspondence between correlation func-
tions of stationary Gaussian measures p with zero mean, and symmetric
positive-definite functions ¢ : Z — R.

PRrROOF. We have seen above that the correlation function of such a Gaussian
measure is positive-definite. Assume therefore that ¢ : Z — R is positive-
definite; we wish to exhibit a unique corresponding Gaussian measure. Since ¢
is symmetric and positive-definite, the r x r matrix C' defined by

Cij = c(j —1)

is symmetric and positive-definite for any r» > 1. It follows that there is an
orthogonal matrix O for which

OCO" = diag(A1, ..., \r)

for some A; > 0,1 < i < 7. Let R = diag(v/A1,...,VAr) and A = (ag;) =
RO, so that by construction A'A = C. Let z = (z1,...,2,) be a list of
independent real random variables, each with a probability density function

1 —1z2
——e 27,
V2
Now define real random variables x = (z1,...,z,) by x = zA. Then,
since z1,..., 2z, are independent, we have

E (ei<u,x)) —F (eiZk Zk(Zj “jakj))
— efé Zk(zj “J’“ki)Q
—1utAtAu *%utcu.

=e 2 =e

Thus x has a joint Gaussian distribution with covariance matrix C, so we
have constructed a measure pr on RY where F = {ny,...,n,}. Now if

F={ny,...,n.} C{n1,...,ns} = E,

it is clear that the projection R¥ — R¥ sends jup to pur, so the Kolmogorov
consistency theorem gives a Gaussian measure 1 on R” as required. O
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Thus the distribution of any finite set of coordinates in a Gaussian process
is determined by finitely many parameters, and this simple structure allows
many explicit constructions to be made.

Now let (X,B,u,T) be a Gaussian system, and let HI(R) be the closure

2.

s clearly HI(R) is a Up-invariant

of the space spanned by {z, | n € Z} in L
closed real subspace of Li.

Lemma 2. 1. Any function f € Hf]R) has a Gaussian probability distribu-
tion.
2. There is an isomorphism 0®) from the subspace of real-valued functions ¢
n L?) with ¢(t) = ¢(—t) to Hf]R), with the property that

Ur (6%6(:) ) =600 (2™ o()) . (1.2)

PROOF. If a sequence of random variables f1, fo2,... convergesto f in Li, then
the corresponding probability density functions converge weakly, and hence
the values on characteristic functions converge uniformly on any bounded
interval. Now characteristic functions of Gaussian distributions converge only
to characteristic functions of Gauss distributions, proving (1).

Associate the random variable f = 2221 akTy, to the function

o(t) = Z ape ™t
k=1

for any finite set {n1,...,n,.} C Z. Clearly ¢(t) = ¢(—t), and
B() = [ 160 dote).

Thus this defines a one-to-one linear isometry #®) on symmetric trigono-
metric polynomials in L>(T) with equation (1.2), and this extends to the
symmetric functions in L%(T) by continuity. O

Extend 0®) to all of Lf) by writing H; = Hf]R) + iHl(R) and associating
to each f = f1 +ifs € H; the function ¢y + ipy, where ¢ = (O®)~1f;
for ¢ = 1,2. This defines a map 0 from L% to Hy.

Lemma 3. The map 0 is an isomorphism between L/QJ and Hy; under this
isomorphism 6 (e"¢(-)) = Urf (¢(-)) .

PROOF. A function ¢ € L%(T) may be decomposed as ¢ = ¢1 + i, where

$1(t) = 3[o(t) + o(-1)]

N =

and
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62(t) = (1) — S(=1));

so that ¢1(t) = ¢1(—t) and ¢a(t) = ¢a(—t). The lemma follows by Lemma 2.
(I

This gives our first result relating properties of the spectral measure p to
properties of the Gaussian dynamical system.

Theorem 1. If a Gaussian measure-preserving system is ergodic, then its
associated spectral measure is non-atomic.

PROOF. Suppose that there is some ¢ty € T for which p({to}) = p({—to}) > 0.
Define a function ¢ € L2(T) by

- 1 ift:to;
o(t) = {0 if ¢ £ to.

Then, by Lemma 2, f = 6(¢) is a non-zero complex random variable whose
real and imaginary parts satisfy a non-trivial two-dimensional Gaussian dis-
tribution. Now

oflUTf _ eQwi(~)¢(.) _ e27rit0¢(.) _ eQwitoeflf’

so Ur|f| = |f|, and the function |f| is invariant under 7. Since f satisfies
a non-trivial two-dimensional Gaussian distribution, |f| is not almost every-
where equal to a constant, so T' is not ergodic. O

In order to show the converse of Theorem 1, we will need a more sophis-
ticated decomposition of Li, and this is provided by It6’s theory of multiple
stochastic integrals. Part of this important theory constructs a decomposi-
tion of Li into an orthogonal direct sum of subspaces H,, in such a way
that each H,, is isomorphic as a Hilbert space to the subspace of L?)m (T™)
(where p™ denotes the measure p x - -+ x p on T™) comprising the functions
which are even in each variable and symmetric under permutation of the vari-
ables. Moreover, under this isomorphism, Ur corresponds to multiplication
by the function t s e>™(t1++tm) (Proposition 1). Once this decomposition
is available, characterizing the basic ergodic properties of Gaussian dynami-
cal systems is relatively straightforward (see Section 1.3.2). While there are
many convenient sources for this material, including the monograph of Corn-
feld, Fomin and Sinai [4] and the lecture notes of Totoki [35], it is less familiar
than the decomposition of L2, (X)) functions on a compact abelian group X
afforded by harmonic analysis (see [5, Sect. C.3]), and so is included here for
completeness.

The construction of the spaces H,, and the isomorphisms is lengthy, and
will take up much of Section 1.3.1. The construction will use the geometry
of Hilbert space to construct suitable spaces of functions, and averaging over
actions of the symmetric group to obtain the required symmetry properties.
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1.2.1 Characterizing Gaussian Automorphisms

A more general notion (giving rise to a more abstract approach to Gaussian
measure-preserving systems) is the following.

Definition 5. Let (X, B, i1, T) be an invertible measure-preserving system. A
function hg € Li with fho dpu=0 is called a Gaussian element if for any r>1
and n; < --- < n,, the random variables hy,,...,hy,, where h,, = Ujhyg,
satisfy a joint Gaussian distribution, meaning that for sets Cy,...,C, € By,

(2 € X | hn (2)€Ch, .. b (2) €C,}) = /---/e—%<ASvS> dsi ... ds,,
C C,

where A~ is the covariance matrix defined by

A™h= (<hni7h"a‘>)1<i,jgw

ol = /.../e_%<AS’S> dsy ... ds,.
R R

Definition 6. A measure-preserving system (X, B, u, T') is called a Gaussian
automorphism if there is a Gaussian element hg € Li with [ hodp =0 with
the property that the smallest o-algebra containing all the sets

and

{r € X | hy(x) € C}

for some n € Z and C € By is all of B.

1.3 Spectral Analysis of Gaussian Processes

From now on, we assume that (X, B, u, T) is a Gaussian measure-preserving
system whose spectral measure p is non-atomic. In order to describe the mix-
ing properties of T in terms of p we need to construct a suitable decomposition
of Li. Once this is done we are able to use the decomposition in much the
same way as characters are used to relate ergodic and mixing properties of a
group endomorphism to algebraic properties of the dual homomorphism.

1.3.1 Hermite—It6 Polynomials

Let f: X — R be a random variable on the probability space (X, B, 1) with

_ 1 g —t%/2b
p({ze X[ [f(2) € (af)}) Nor dt,
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where b = [ f?dp. That is, f has a Gaussian distribution with mean zero
and variance b.

Definition 7. Let f be a random variable with Gaussian distribution and
zero mean. Then the mth Hermite—It6 polynomial® is the random variable

=t af T a1 f +am

where the coefficients are determined by the (m — 1) linear relations given by
requiring that

/:fm: fPdu=0
forp=0,1,...,m—1.

Notice that sf™s € Li for any m > 1, so we may think of these polynomials
using the geometry of the Hilbert space Li. In particular, s f™ ¢ differs
from f™ by the projection onto the space spanned by {f? |0 <p < m — 1}
of the vector f™, as illustrated in Figure 1.1. It follows that (sf™s, ¢f™¢) =0
for m # n.

LfPlo<p<m—1>

Fig. 1.1: The mth Hermite-It6 polynomial ef™s.

The notion of Hermite-It6 polynomials extends to m-tuples of random
variables as follows.

Definition 8. Let fi,..., f,, be Gaussian random variables in HfR). The
Hermite-It6 polynomial ¢ f1,..., fin s is the orthogonal projection of the
product fy--- f,,, onto the subspace spanned by

(flf10<p<m—1,f e HM}.

Also define ¢ fi,..., fm ¢ to be the orthogonal projection of the prod-
uct f1--- fin, onto the subspace spanned by

3 The notation sf™s for the mth Hermite-Tté polynomial of f (which only makes sense
formally if the parameters f and m are kept separate) comes from physics, and is used in
the monograph of Cornfeld, Fomin and Sinal [4].



10 1 Constructions from Probability Theory
{fil"'fip | 1 <’L'1,...,’L'p <m,p<m}.

Thus for any p < m and f/ € H fR) we have

[ttt g fydn=o, (1.3)
by definition.

Lemma 4. :fl,. --;fm:zgflw- ;fmg

It follows that the random variables f1, ..., lea used in Definition 8 may be
chosen from the original list of random variables f1,..., fim.

PROOF OF LEMMA 4. Any random variable f’ € HI(R) has a unique decom-

position f/ = >"", ek fx + g, where [gfidp = 0 for 1 < k < m. Writing
in this way f; = > oney Cikfr + g; for each j, the product fi--- f) may be
written as a sum of expressions Fy(fi,..., fm)Gp—r(91,...,9m), where Fp is
a polynomial of degree £ and Gp—; is a polynomial of degree (p — £). By the
orthogonality of the g; from the f; we have

/ ofty s fme Fu(fi,. oy fm)Gp—r(g1,- .., gm)dp

:/ ofts s fms F@(fla'"afm)du/prf(gla"'agm)d,u’:0

by the construction of Sfi,..., fms, which proves the lemma. O
It follows in particular that if fi,..., f;, are pairwise orthogonal, then
S, fme=f1 fm. (1.4)

Definition 9. Let H} (respectively H,,) be the Li—closure of the real linear
span (complex linear span, respectively) of the sets of linear combinations of

functions fi,..., fnt with fi € H{™. Let QW) C L2,.(T™) be the Hilbert
space of functions ¢ : T" — C with the following properties:

1. ¢ is symmetric with respect to the m variables;
2. (,b(*tl, ey 7tm) = ¢(t1; e ,tm); and

1/2
3. 16ll2 = [Jpm [6(8)* dp™ (£)] 7 < oo

It is clear that (H,,, H,)

=0form # n, HY ¢ H,,, UpH® = H®,
and UrH,, = H,, for any m > 1.

Theorem 2. For any m > 1, there is an isometry 97(5) : ng) — Hff) with
the following properties:

1.060® = g®  and
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2. the isomorphism (97(5))_1 : HSF) — Qﬁ,ﬂf) sends the operator Ur to multi-
plication by the function t s >t tHtm)

PRroor. This is a lengthy proof, and in several places we will make use of the
shorthand f(t) or f(-) for the function ¢t — f(¢).

Let GER) = 0® be the map constructed in Lemma 2, which satisfies the
stated properties for m = 1. Now fix m > 1 and let X, denote the sym-
metric group on the symbols {1,...,m}. Given ¢ € L?)m (T™), define the
symmetrization X, [¢] to be the function defined by

(0] (t1, o tm) = > Dlta1ys - brm))-

TEX m

The group X, x {£1} acts on T™ by

(try o tm) T (), oy o on)-
We claim that the set
D={teT™|t1+ - +tm>m/2,t1 >ty > >t}
is a fundamental domain for the action of X, x {£1} in the following sense:
pm(0D) =0,

and for any point t € T™ whose orbit under the action does not meet 9D,
the orbit meets D in a single point. To see this, notice that if t is a point
with t; # t; for i # j, then there is some m € X, with t,) > -+ > 7).
Clearly either Y, tr;) > m/2 or Y, —tr;) > m/2 (where we are writing
elements of T as real numbers in [0, 1) and summing them as real numbers),
so under the action of =1 we can satisfy the first condition defining D. Finally,
the boundary 9D is a union of finitely many hyperplanes, and the p"™-measure
of each of these is zero since p is non-atomic by assumption.
We now wish to define 99}) on ng). Let Dq,...,D,, be Borel subsets
of [0,1) with
(D; U (~Dy)) N (D U(~D;)) = (1.5)

for i # j and with Dy x --- x D,, C D. Associate to such a list of sets the
functions

and
¢; =1(xp: = X(-D))) (L.7)
for 1 < ¢ < m. For any e = (ey,...,en) € {£1}"™, define a function ¢ € QW

by
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o) =\ =20 [H " (u-)]. (13)

i=1

For any Borel set B C [0, 1) write

o5 = 0" (x&()),

L =Ppu(—n)
and
Pp =1(P5 — P p)).

By construction, the functions @Ei and ¢, lie in H I(R), and in particular are
Gaussian random variables with

(@5, 05,) = [ 6F o7 dplt

SO @Ei and @7, are independent. For the function ¢ € Qg} ) in equation (1.8),
define

m

0% (0) = [[ 2%.; (1.9)

=1

this then determines 97(715 ) on all such functions. Notice that the expression in
equation (1.9) is well-defined, since the presentation of the function ¢ in the
form of equation (1.8) is itself unique.

We claim that 95,“5)(@ € H¥. From the assumption in equation (1.5),
it follows that distinct terms in the right-hand side of equation (1.9) are
independent. Thus by equation (1.4) we have

B ()i =00,

so that 995)((,25) € Hﬁ“. Moreover,

2

o1 = - mlmsi(-)]
= |[Tero)| =2"|ITe:0) =2 oo,

while the independence of the functions d%i for distinct ¢ shows that

o] -

m 2
€
H QjDi
2

=1

= [THe5 Oz =27 T e(0s).
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SO 97(5 ) acts as an isometry on the set of functions of the form in equation (1.8).
We now extend the domain of 99} ) in successive stages. Given functions

D1y s P

of the form in equation (1.8) with disjoint supports, and constants a1, ..., ar €
R, write ¢(t) = Zle a;¢;(t), and write A for the set of all functions obtained
in this way. The disjoint supports ensure that the representation of a function
in A in this form is unique, so the map 99} ) extends uniquely to A by setting

Z a;0, d)z

Since the functions ¢1, ..., ¢, have disjoint supports, the extension of 97(7]5 )
to A remains an isometry.
Now suppose that D), D@ . D®) are disjoint rectangles in T, and
let
c1,...,cp €C

be constants. Denote by A’ the set of all functions of the form

M?r

_ mXpo ()] + G Em[X_po (£)]) ;

we claim that A’ = A. The inclusion A C A’ is clear from the definitions. For
the reverse inclusion, notice that the functions in A and in A’ are invariant
under the action of X, x {1} by construction, so it is enough to show
that Ap D A, where Ap and A’, denote the functions on D obtained by
restriction to D. As a real vector space A’, is spanned by functions of the
form x5 and ix, where

D=D;x--x Dy, CD.
Now for t € D,

Xp(t) =

H o (ti)]
and

ixp(t) [aﬂl [1o/ ]

so both functions lie in A’.
Since A’ is also a real vector space, this shows that A D A’.
We now claim that the closure of A in L2, (T™) coincides with QW To

see this, let ¢ be an element of ng) and fix € > 0. Choose a function
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2
that vanishes on an e-neighborhood of T™ \ D, for which

[ 1= 991am <
D

We can also find a set of disjoint rectangles D™, ..., D®*) ¢ D and constants

c1,...,cp €C
for which
k
| éf)(E) - ZCiXD(i) <e€.
=1 2

Write

k

b = _(ciZmXp®] +EGEmlXpw]),
i=1

so that ||¢ — ¢c| < (1 + 2ml)e. As above, this density for the functions
restricted to D shows that the closure of A is Qg} ). Since the map 97(7]5 ) is an

isometry on the dense subspace A, it extends to an isometry on Q%ﬂf ) We
claim that
o (Q) = HD: (1.10)

it is clear from the construction that 99} ) QSALR )) C HfgQ ). The real linear

span of the set of Hermite—Itd polynomials of the form

I (cip, +@® p,):

i=1

where D; is an interval of the form

p p+1

Dpq = [Ea 29 )

with 1 < ¢ < oo and 0 < p < 29, is dense in Hﬁ“. The identity
Pp, +cD_p, = R()P}, + ()P,

shows that the same real vector space is spanned by the Hermite—Ito6 poly-
nomials of the form

q[ 25 - (1.11)
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Thus it is sufficient to show that each function of the form in equation (1.11)
is an element of 99}) (Qg})).

Any interval D, 4 is a disjoint union of intervals of the form Dy, if n is
large enough, so a function of the form in equation (1.11) may be represented
as a finite sum of Hermite—It6 polynomials of the form

:H jS (Dpzyn): ’
i=1

corresponding to the decomposition of the rectangle H;zl D; into disjoint
rectangles [[\" | D, ». Write a sum of the form in equation (1.11) as Zi + Zi
where Zi is taken over all the parameter choices (p1,...,pm) for which the

collection
DPlJLv ey Dp'nnn

is a family of disjoint intervals, and Zi comprises the remaining terms.
By construction, the Gaussian random variables appearing in Zi are in-
dependent, so

{10 000t [T (D) =[5 [H 55, . <m]
=1 =1 =1

(where the implicit signs in the product on the left-hand side are carried
through to the right-hand side, and the notation ¢%p, . is the obvious exten-

sion of that given in equation (1.6) and equation (1.7)).
In particular, Zi € 99}) ( S‘f)), so it will be enough to show that

I3 -2 ((22)) »o

as n — oo.
. . 2 . . . .
Fix a term in ) ., and enumerate the intervals D,, , which appear in it
in ascending order of p; as

D1 C--C Dy

for some m’ < m (since the intervals D, , as p varies partition [0,1), and
by hypothesis not all the intervals appearing are disjoint, two at least must
coincide). Thus this summand may be written in the form

m=(@5)" (@) =11 3eh)" @5)":  (12)

=1 =1
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by Lemma 4, with 7" +7; > 1 for at least one value of i. We estimate the L2-
norm of the function Zi as follows. By orthogonality of the Hermite—It6 poly-
nomials, the inner product of distinct products of the form equation (1.12)
vanish, so

(Zhxh)y =Y

J]
m’ n N
=Y TIE(:(@)" (@5,)" 22
i=1
Since the random variables @B and @, are independent Gaussians, we have

1[3(:(@5)”+ (@5,)" %) =E (3(@},)" s 2 2(@p,)" 1 ?)
—E(:(e5,)"t ) E(3(2p,)" t ?)
(D) x €, (D)

it follows that
m rt T
[1E (:(25)" (#5,)"" % %) < Conp™ Dy X -+ X Dy,
=1

where D, , x---x D, ., is the original rectangle corresponding to the sum-
mand from Zi, and C,, depends only on m. Thus <Zi, Zi> < Cpp™(Br),
where B,, is the union of those rectangles

Dp,jn X=X Dpn

which intersect some hyperplane defined by ¢; = ¢;, t; = —t; on T™. Since the
measure p is assumed to be non-atomic, each of these hyperplanes is a p™-null
set, so p"™(B,) — 0 as n — oo, completing the proof that any function of the

form in equation (1.11) is an element of 9% ) ( Slf )> and therefore showing

part (1) of Theorem 2.
It remains to show part (2); to do this we first show that

m
. .
-H Tn,e
=1

is the function
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1 Cm

To this end, fix € € (0, 1), and for each ¢ with 1 < ¢ < m, choose constants a,(;)n
so that the random variable

f(f) Z a (i) @:ﬁ: Hl(R)

has

Tn; — fz(ﬁ) 9

¢(E) Z a(z)

Write ®(¢) = [, fs; then

= - ¢£€><~>H <
2

where

[[zn — 29| < Ce
i=1

for some constant C, and therefore
Hzm — 98| < Ce.

Now by construction we may write
1 +
O =3 @ H@ By

Decompose the last sum into Zl + 22 and correspondingly write

@) = ple) 4 gle2)

where the sum Zl involves all those collections py, ..., pm with the property
that

m

[[12s.nnoD =0

i=1

As argued above, || 3% ||2 = 0 as n — oo, so for sufficiently large n we have

m

Hans — b

i=1

< Ce.

Write ¢(9)(t) = [, ¢5(t:), so that



18 1 Constructions from Probability Theory
He%rizz’;lnin — 4 (t)H < Ce,
2

and hence

| s g o)

As above, we may write

< Ce.

2

m
o) =D af),ap, []05,, . (1)
i=1

and split this sum in the same way into Zl + 22 with corresponding de-
composition ¢(€) = (&1 4 ¢(©2) As before, ||¢(¢?) |5 < € for large enough n,

SO
|amn =] = g o)

Now 97(5 ) is an isometry, so it follows that

o (e o] ) o (gma oo

By construction of the map 99} ) we have

R € [J € [
9( ) <\/ —'2;771 |:¢)( 71)(|)i|> _.é( 71)07
SO we deduce (ha,(

:ﬁ 2t —O <\/g S [e%iZI’Ll “D

=1

< Ce.
2

< Ce.
2

< Ce,
2

which proves equation (1.13) since ¢ was arbitrary.

Now in the space Q%R) consider the group of operators {V" | n € Z},
where V" is defined by

(V"9)(t) = ™ izt tig(t).
We claim that U} = 9% ) V”(G% ))_1 (from which it follows that the space HT(,]F )

is Up-invariant). Write f =[]/~ zp,e; since URf =3[ Zn,4ns it follows
that
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1/ 1 Ty m
quf = 9533) < %Zm |:62 Zl—l(n7r+n)t7,i|>

— g®) <ezwh1§:r:1ti 1y [ezwiﬁzzilruti}>
" m!~ "

= 00V O5) 7

since the linear space of such functions generates the whole space HT(,]F ) the
proof is completed. O

We have constructed spaces of real-valued functions HfgQ ) for m > 1; add
to these HO(R) = R, the one-dimensional space of real constant functions.

Theorem 3. The space H®) of real-valued functions in Li(X ) decomposes

as the direct sum @,._, H®
PRroor. For any collection n1,...,n, of integers define the real subspace
Hyyoon, C H®

to be the space of functions in LZ(X ) that depend only on the random
variables @p,,...,Z,,. Since the closure of the sum of all the real sub-
spaces Hp, ... n, is all of H(R), it is sufficient to check that

[eS)
Hnl,---v"p C @ HT()’]LR)
m=0

Suppose that the random variables x,,, for 1 <4 < p have a joint probability
density function of the form

where A is a symmetric positive-definite matrix. Any function f € Hy,, . »,
can be identified with a function f with the property that

/f2(S)1/)(S)d81 . dsp < o0

The matrix A may be diagonalized, so up to a linear change of variables we
may assume that

]. 1 P 2
= —— ¢ 2 Zi:l t;
P(s) = (277)10/26 P )
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For any indicator function xyp and € > 0, there is* a polynomial P, in p
variables with

1

_isP 2
W/]R IxB(t) — P.(t)]Pe 2 Xi=1 b dt < .

The polynomial P, can be written as a sum of products of Hermite polyno-
mials in one variable, and each such product corresponds to an element of

the space
YR

m=0

proving the theorem. O

All that remains is to extend the decomposition to complex-valued func-
tions. Write Hy, = HY +iH®, Qm = Q% +iQ™ for all m > 1. By
construction H,, is a closed subspace of Li and H,, L H, for m # n. Given
a function ¢ € @,,, define

and

so that ¢ = ¢1+i¢2 and we can extend the function constructed in Theorem 2
to the complex space @, by setting 0,,(¢) = o) (1) + 197(7]5)(4%)2). Similarly,
we extend the operator V' to @,, by defining

(V") () = e*™ =1 bg(1).
By Theorems 2 and 3 the spaces H,, and @Q,, have the following properties.

Proposition 1. With the notation above:

1. UrH,, = H,, form>1;

2. Li = @fnozo H,,, where Hy = C is the space of complex constant func-
tions; and

3. the isometry O @ Qm — Hpy has UR = 0, V™"(0,,)"! for all m > 0
and n € 7.

4 This is simply the statement that the classical polynomials introduced by Hermite [14] are
dense in the Hilbert space associated to the inner-product (f, g) = ffooo f(t)g(t)e_t2/2 dt;
see Hewitt and Stromberg [15, Ex. 16.25] for example.
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1.3.2 Mixing Properties of Gaussian Systems

Theorem 1 is the most basic result connecting properties of the spectral
measure p to dynamical properties of the associated Gaussian dynamical
system: if p is ergodic for T' then p must be non-atomic. The first result that
becomes available using the decomposition of Li constructed in Section 1.3
is a strong converse to this result.

Theorem 4. Let (X, B, u,T) be a Gaussian measure-preserving system with
associated spectral measure p and correlation function ¢ : Z — R.

1. If p is non-atomic, then (X, B, u,T) is ergodic.

2. The system (X, B, u, T) is mizing if and only if ¢(n) — 0 as |n| — co.
PROOF. (1) Assume that p is non-atomic, let f € L2 be an eigenfunction
of Ur, and write Urf = kf for some k € Sl Expand f using the orthogonal
decomposition from Section 1.3 into f = Yo, fm with fn, € Hy,, (and
hence (fm, fn) = 0 for m # n). The spaces H,, are invariant under Urp
and f is an eigenfunction, so all the components f,, are eigenfunctions of Ur
with the same eigenvalue also. Let ¢, = (0,,) "' fm for m > 0, so that by
Proposition 1(3) above,

(V"hm) (t) = 62’”"E’ l“fbm(t)
= (Va ) fm) (t)
(9 ) 1l:]Tfm,
= (0m)” ("'@fm)( )=k ((em)ilfm) (t) = Kom(t),
so that multiplication by the function

t eQﬂ'i’n 277,11:1 t;

sends ¢, to K@,, as elements of Q,,,. Thus, for m > 1,

[ =60 - ron@] dmee)

. m 2
_ / ‘627”"27':1“ _ Iﬂ}’ |¢m(t)|2 dpm(t) = 0;

S0 ¢m(t) = 0 almost everywhere with respect to p™ on the complement of
the set
{6]m Tt = gy,

which is a null set with respect to p™ since, by assumption, p is non-atomic.
Hence for m > 1 we have ¢,, = 0 almost surely, and hence f = fy is a
constant and T is weak-mixing.

Turning to the proof of (2), recall that if we think of the coordinate z( as
the random variable zg : X — R we have
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c(n) = (Upxo, xo)

for all n € Z. Thus, if T is mixing, we must have c(n) — 0 as |n| — 0 (see [5,
Ex. 2.7.5]). Conversely, assume that ¢(n) — 0 as |n| — 0, let f,, € Hy, for
some m > 1, and write ¢,, = (6,,) ! fm. By Proposition 1,

<U77“Lfmafm> = /627‘—12:11“ ¢m(t)|2 dpm(t). (114)

Write p*™ for the m-fold convolution px- - -xp, and let 1(¢) be the conditional
expectation of the function |¢,,(t)[* under the condition that > ;" t; = t.
Then

(U fns o) = / 2T (1) dp™

(indeed, this identity for all functions characterizes the conditional expecta-
tion). By construction, ¢, € Qm, so [(t) dp*™(t) < co. By assumption,

/eQTI'iTLt dp*m(t) _ cm(n) =0
as [n| — oo, so the Riemann-Lebesgue lemma [5, Lem. C.16] shows that

(UL fm, fm) =0
as n — o0o. Clearly

N

N N
<U% > fns fm> = " (UF fms )
m=1 n=1 n=1

so we also have (UL f, f) — 0 as n — oo for any function f that can be written
in the form f = Zi\i:l fm with f,,, € Hp,. The set of such functions is dense
in the set of functions in Li with zero integral, so we have proved that T
is mixing by the characterization of mixing due to Rényi [33]: a measure-
preserving transformation 7" is mixing if and only if

WANT ™ A) = u(A)

for all A € B. O

As an application of Theorem 4, notice that by the Riemann—Lebesgue
lemma ([5, Lemma C.16]), if p is absolutely continuous with respect to
Lebesgue measure, then ¢(n) — 0 as |n| — oo, so the corresponding Gaus-
sian measure-preserving system is mixing. On the other hand, there are non-
atomic measures on S! that are singular with respect to Lebesgue measure
yet have the property that ¢(n) — 0 as |n| — oco. The corresponding Gaussian
measure-preserving systems are therefore weak- but not strong-mixing.
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1.4 A Rigid Z% Action With Mixing Shapes

In this section we describe an example due to Ferenczi and Kaminski [6]
that illuminates what is possible in general for measure-preserving Z%-actions
with d > 1; the treatment® is taken from [40]. This example is included to
illustrate some of the power and flexibility of Gaussian constructions, and it
should be contrasted with the algebraic examples of mixing behavior from [5,
Sect. 8.2]. A finite set {nj,...,n,} C Z% is a mizing shape for a measure-
preserving Z%-action T on (X, B, u) if

) ﬁ T_knjAj — ﬁ
j=1 j=1

as k — oo. The example is constructed as a Gaussian process, and the
construction from Section 1.2 extends easily to define Z%actions as fol-
lows. Let (£2,F0) = [lncza(R,B) where B is the Borel o-algebra on R.
Let &,(w) be the nth coordinate of w € (2, and let p be a probability
measure on ({2, Fp) with the property that for any k—tuple of integer vec-
tors ny,...,n; of the k-dimensional random variable ((n,,...,&n,) is a k-
dimensional Gaussian law, and the joint distribution is stationary in the sense
that gPitmm.netm) — ymne) for any m € Z%. Let F denote the com-
pletion of Fo under p. Then (£2, F, p, {&n}neza) is a d-dimensional Gaussian
stationary sequence. Assume that E{&,} = 0 for each n € Z%. The covariance
function R : Z¢ — C may be expressed in terms of a (symmetric) spectral
measure p on T? as

1 1
R(n) = E{gn-i-mgm} = /0 e /0 6727Ti(n151+~~~+ndsd)p( d81 ce de).

Conversely, if p is a symmetric finite measure on T?, then there is a unique d—
dimensional Gaussian stationary sequence whose spectral measure is p. As-
sociated to any Gaussian stationary sequence of the above form there is a
measure-preserving Z% action «, defined by the shift on 2. Standard ap-
proximation arguments give the following. Let C denote the class of func-
tions f : 2 — C with the property that f(w) = F({m; (W), ..., &m, (w)) for
some my, ..., m; and some bounded continuous function F : Rt — C. Let «
be a Gaussian Z%action. Then, in order to check any mixing property, it is
sufficient to check it for functions in the class C.

For each n € Z¢, the Z-action generated by the transformation ay, is again
Gaussian, on ({2, Fn), where Fy, is the sub-c-algebra of F generated by the
projections {&xn }kez. The spectral measure of ay, is pn = pb; !, where the
map ¥y : T¢ — T is given by ¥n(s1,...,84) = n1s1 + -+ + ngsq modulo 1.

5 Consult Totoki [35] or Cornfeld, Fomin and Sina¥ [4] for the details of the approximation
arguments needed.
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Now choose 1, 31, ..., B4 linearly independent over Q, and let

f(t) = (ﬂlta cee 7ﬂdt)

for t € T. Let ¢ : T¢ — T¢ be the involution
’L(tl,...,td) = (1—t1,...,1—td).
Define a symmetric, singular, continuous measure p on T? by
1 _ _
P=3 (def "+ mpa(ro f) 1),

and let a be the Gaussian Z%-action with spectral measure p. Then

sin(2m(n1B1 + - + ndﬁd))'

R(n) = 1.15
(=) 21(n1fy + - - - + nafa) (1.15)
Choose a sequence n; = (ngj) ... ,n((ij)) — oo with ngj)ﬁl + 4t ng)ﬁd -0

as j — oo. Then R(n;) — 1 as j — oo, so the 2¢—dimensional random
Gaussian vector

éj (w) = (€m1 (w)’ s 751‘111, (w)a €m1—n,~ (w)a ce- 5€mt_nj (w))
has covariance matrix _ '
(i)
Voi’ Vii

where Vo(g ) = V1(1J ) is the covariance matrix V of
(Emy (@), -+ &y (@)
and the (p, ¢)th entry of Vo(lj) is
E{{m,&m,—n; } = R(m, —my +n;) = R(m, —m,)

as j — oo by our choice of n;. Thus Vo(lj ) & V and similarly Vl(oj) -V
as j — oo. It follows that

p (an, (A) 01 A)) = p(A)

as j — oo for any A € F, so « is rigid.

Now let S = {nj,...,n,} C Z¢ be a fixed shape, and define a random
vector of dimension 7t by ¥ (w) = (&m,—kn, (W) [1=1,..., 55 =1,...,7).
This vector is Gaussian with zero mean and covariance matrix
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VitvER Ly
o .

)

VeV v
where ije is the ¢ x ¢t matrix whose (p, ¢)th element is

R(m;, —m,)

0
’Ug)’q)) (k) =E (Emz)*k“jgmq*knl) = {

Notice that Vy = ijj is the covariance matrix of (&n,, .. -

is clear from equation (1.15) that

lim v (k) =0,

Eosoo  (P:@)
so that
V%W O0...0
0V... 0
lim Vi =
k— o0 .
0 0...%

It follows that « is mixing for all shapes.

R(m, — m, + kn; — kn;)

ifj=4¢
if j #¢.

25

y&n, ). For j # £, it






Chapter 2

Geometric and Combinatorial
Constructions

We have seen in [5, Chap. 3] the Gauss map, which is of interest because of
the direct connection to continued fractions and Diophantine approximation.
Noticing that the Gauss measure is preserved by this map gives rise to an
important example of a measure-preserving transformation, but it is not clear
a priori what would make one write down that measure. In [5, Ex. 2.9] we
used the Kolmogorov consistency theorem [5, Th. A.11] to write down conve-
nient measures on finite product spaces A{12-"} and used this to construct
measure-preserving systems in which the map is the left shift on AZ.

In this appendix we construct some different examples, which may initially
be thought of as generalizing the circle rotation in [5, Ex. 2.2]. In the circle
rotation we start with Lebesgue measure, which enjoys certain geometrical
properties (in particular, it is invariant under translations), and use that
to write down a map that respects enough of the geometric structure to
preserve the measure. As in Chapter 1, we can do no more than introduce
these constructions here, and point at some surveys of the more sophisticated
results’.

2.1 Interval Exchange Transformations

Interval exchanges are a natural class of measure-preserving dynamical sys-
tems (the order-preserving piecewise isometries of an interval); they are de-
fined by a small amount of combinatorial data yet have a very rich structure?.

1 Several surveys are mentioned in the notes; a particularly significant lacuna in both this
appendix and in Chapter 1 concerns spectral properties; there are surveys on this aspect
by Katok and Thouvenot [22] and Goodson [13], and a monograph by Nadkarni [28].

2 TInterval exchange transformations were introduced by Oseledec [31] and Katok and
Stepin [21]. Keane [23] showed that there are only finitely many invariant ergodic mea-
sures and characterized a dense orbit property (called minimality by analogy with the case
of continuous maps); Keynes and Newton [25] and Keane [24] showed that there may be

27
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Definition 10. Let X = [0,1), » > 2, let &« = (a1,...,a,) be a proba-
bility vector with a; > 0 for 1 < ¢ < 7, and let 7 € Yi be a permu-
tation of {1,...,7}. Associate to this data vectors 8 = (8o = 0, B1,..., )

where 8; = 375 ajand 87 = (6§ = 0,57,..., A7) where 87 = >0 ar-1(j).
The interval exchange transformation associated to the data (e, m) is the
map T : X — X defined by

T(z) =z —Bi-1+ Br—1
for x € [Bi—1, Bi)-

Some properties follow at once from Definition 10.

o Writing A; = [Bi—1, 5i) for 1 < i < r weseethat {A;,..., A, } is a partition
of [0,1) into half-open intervals, with the length of A; being ;.
e The interval exchange defined by (a™,7~!), where

o = (0[7‘-—1(1), ceey 047,71(7“)),

is the inverse of T'.
T acts as a piecewise rotation, so preserves Lebesgue measure.
T(6;) = ﬂ::(i+1)—1 for0<ig<r—1.

We will also speak of T as being an interval exchange on the ordered
partition (Ai,...,A4,).

Erample 3. For r = 2 we must have
o= (041,0(2 =1 70&1)

and
B=(0,a1,1).
Write X2 = {1, (12)}, where ¢ is the identity and (12) swaps 1 and 2.

1.If # = ¢ then o™ = a so 8" = B, and T'(z) = z is the identity map
on [0,1).

several ergodic measures even when Lebesgue measure is ergodic and the lengths of the
intervals satisfy strong irrationality conditions; Rauzy [32] introduced a powerful inducing
construction for interval exchanges; Masur [27] and Veech [36] showed that almost every
minimal interval exchange is uniquely ergodic; Nogueira and Rudolph [30] showed that
almost every interval exchange under a mild condition on the permutation has no continu-
ous eigenfunction; Avila and Forni [2] showed that almost every interval exchange is either
weak-mixing or a circle rotation. A detailed survey of interval exchange transformations,
with particular emphasis on the geometry surrounding them and with many examples
and more complete references, is given by Viana [39]. Some combinatorial and arithmetic
aspects of interval exchanges are discussed in the collection edited by Berthé, Ferenczi,
Mauduit and Siegel [7]. Our short and elementary introduction follows that of Keane [23]
and Cornfeld, Fomin, and Sinaf [4] closely.
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2. If 7 = (12) then @™ = (1 — a1,0q) and 8™ = (0,1 — ay, 1), so
Tx)=z+(1—a) (mod1).

Thus an interval exchange on two intervals is simply a circle rotation,
and therefore many properties are clear. In the non-trivial case 7 = (12),
almost every choice of o gives a map with the property that every point is
dense (a theorem of Kronecker), the orbit of every point is equidistributed
(a theorem of Weyl), and Lebesgue measure is the only invariant measure
(see [5, Ex. 4.11]). Much of the more advanced work on interval exchanges is
concerned with understanding the extent to which those properties survive
for r > 2.

Ezample 4. Let r = 3, m = (13) and assume that ag < a;. Then
ﬂ = (0; aq, 0 + Qag, 1)

and
ﬂﬂ- = (07 a3, 02 + g, 1))
and the resulting interval exchange
T+as+ag ifxe A
T(x)=<{x—0a;+a3z ifxe Ay
r—oa]—ay if x € Ag

is illustrated in Figure 2.1.

az + a3 4 /
a3
T

B1 B2

Fig. 2.1: An interval exchange on three intervals.

The interval Y = A; U As is indicated in Figure 2.1, and the map

S:Y—-Y
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induced by T is shown in Figure 2.2; we have

T(z) ifzedyU(ANT 1Y),
sy = {71 oAU (AnTTY);
T?(z) if not,

and thus S(z) = 2 + (@1 — a3) modulo ay + asg. It follows that the induced

map S is a circle rotation by gi;g;, and we may use the rather complete

understanding of the dynamical properties of S to study T'.

[
1
1
1
1
a3 |
1
1
)

5‘1 é2

Fig. 2.2: The induced map on A; U Az is a rotation.

Notice that for n > 2 the map T™ is an interval exchange on intervals of
the form
Ay NT A, nenT Y,

Tn—1
each such interval is either empty or is a half-open interval. Write £(T") for

the set of left end points of the intervals defining an interval exchange T, so
that, for n > 2,

oy = | 7 (e

1=0

and .
£ = 7 )

By construction, any interval exchange is continuous from the right on all
of [0,1) (and is an isometry at all but finitely many points). It follows that
if T is an interval exchange and T'(x) = « then the entire exchanged interval
containing x (which contains an interval of the form [z, 2+ 0) for some § > 0)
must be fixed pointwise by T'. Since T™ is also an interval exchange, the same
property holds for points of any period. Thus there is an extreme dichotomy,
in which an interval exchange again resembles a circle rotation: either 7" has
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no periodic points at all, or there is some n > 1 that pointwise fixes a non-
trivial interval. In the latter case, it is clear that Lebesgue measure cannot
be ergodic for T.

Theorem 5. The following properties of the interval exchange T defined on
the r intervals (A, ..., Ay) are equivalent.

1. T has no periodic points;
2. for any choice of ig, ..., in,

diam (A;, N T(A;,) N - NT™(A;)) = 0 (2.1)

as n — oo;
3. the set of orbits of left end-points, L*(T) = Uk>0 TkL(T), is dense
in [0,1).

PROOF. (2) <= (3): For each n > 1 the intervals of the form in equa-
tion (2.1) form a partition &, of [0,1) into half-open intervals; by construc-
tion each of the intervals in &, is a union of intervals in &,11. The union of
all the left end-points of intervals appearing in some &, is exactly £*(T), so
conditions (2) and (3) are equivalent.

(2) = (1): If (1) is not satisfied, then by the discussion above there is
some n > 1 for which T™ acts as the identity on some interval of positive
diameter, showing that (2) and (3) cannot hold.

(1) = (3): Assume that (3) does not hold, so that the non-empty open
set

0= [Oa 1) \ E*(T)a
which is a union of open intervals, is invariant under T'. It follows that T iso-
metrically permutes these intervals in some way; since [0, 1) can only contain
a finite number of non-empty open intervals of given length, it follows that
all the points of O are periodic points for T', so (1) does not hold. O

2.1.1 Mixing for Interval Exchanges

The simplest interval exchange is a circle rotation, which is known to not be
mixing (indeed, it is not weak mixing). In this section we give an argument
due to Katok to show that an interval exchange is never mixing.

Lemma 5. Suppose that ([0,1),B,u,T) is an invertible measure-preserving
transformation, and that we can find sequences (&), (kn) and (s,) with the
following properties:

1. there is an S for which s, < S for allm > 1;
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2.&, = {A§”>,...,A§Z)} is a measurable partition of [0,1) in the sense
that (AZ(-") N A§")> =0 fori# j and u (A§") U--- UA&Z)) =1 for
alln > 1;

3.k, = (k;%"), e kzgn)) with miny < j<s, kz§n) — 00 as n — 0o; and

4. for any A € B,

planUJrs" (a7 na)) | »o
j=1
asn — oo.

Then ([0,1), B, 1, T) is not mizing.

PROOF. Let A € B. By the assumption (4),

plAn U k™ (Ag.”) N A) — u(A) (2.2)

j=1

as n — 00; on the other hand

pl| AN D T+ (Ag.”) N A) =ul| (A Nk <A§.") n A))

j=1 j=1

If ([0,1), B, u, T) is mixing, then properties (1) and (3) imply that

timsupp (ANTH"(4)) < s (u(),

n—oo
which contradicts equation (2.2) whenever u(A) < 1 (we may assume that p

is non-atomic, since an atomic invariant measure is never mixing). It follows
that T' cannot be mixing. O

Theorem 6 (Katok®). If T': [0,1) — [0,1) is an interval exchange trans-
formation, and p is any Borel measure on [0,1) preserved by T, then the
measure-preserving system ([0,1), B, u, T') is not mixing.

3 This result is due to Katok, and may be found in the notes by Katok, Sinaf and Stepin [20].
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Proor. We may assume that the measure p is non-atomic, and by taking
the ergodic decomposition of p [5, Th. 6.2] we may further assume without
loss of generality that u is ergodic for T. We will show that T' is not mixing
with respect to p by exhibiting the combinatorial structure in the hypothesis
of Lemma 5.

Write T' = T}y, and assume that Tj is an interval exchange without periodic
points defined on the intervals Ago), . ,A;O(())) partitioning 1(®) = [0,1). We
will construct a nested sequence

of half-open intervals, and denote by T), the transformation induced by Tj on
the interval 1, with the first return time 74, defined as in [5, Eqn. 2.36]
denoted by (™ (see [5, Sect. 2.9]). The next lemma states that any such
induced transformation is an interval exchange of constrained complexity.

Lemma 6. If T is an interval exchange on k intervals and [a,b) C [0,1),
then the induced transformation T,y is also an interval exchange on no
more than k + 2 intervals.

PROOF. In the notation of Definition 10, the left end-points of the intervals
defining T are 0, 1,...,Bx—1. For each point z € D = {a,b,b1,...,Bk-1},
let

s(z) =min{s 20| T °%(z) € [a,b)}

if any such s exist. There are no more than k + 1 elements of
(T~ (@) |« € D},
so they divide the interval [a,b) into k; < k + 2 half-open intervals denoted
Al A
For each half-open interval A; let
ri =min{r > 1| T"A} N [a,b) # 0}.

By construction, for 1 < j < r; the transformation 77 is continuous on AL
We claim that T A} C [a,b), since if not there is some j with 1 < j <
r; for which the half-open interval would contain a point x € D, which
implies that s(z) = j, so the point T77(z) = T*®)(z) would lie in A,
contradicting the definition of A;. It follows that r(, ) (7) = r; for x € Aj; the
transformation T, ) (which coincides with 7" on A}) is an interval exchange
on the intervals Af, ..., A} . O

Returning to the proof of Theorem 6, the transformation 7 : 1) — I is
an interval exchange of a set of half-open intervals T ](1) for1 < j < k@, and we
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denote by ry) the value of () on I ](l) Since the original transformation T is
assumed to have no periodic points, we must have .k(i) > 2. so the function r(?
is not everywhere constant. Write T§Z)(i) = max{ry) |1<j<k®}, and define
the interval I® to be I](;)(l) By definition of the return functions r(+1) we
have . 0

r+D () > sz(i) (2.3)
for i > 0 and x € I0+Y . Since r(® is not everywhere constant,

(i+1) (4

Tio(it1) > Tio()” (2.4)

As a result of equations (2.3) and (2.4),
m® = min{r | 1<j <r®} = o0 (2.5)
as i — oco. By Kac’s theorem [5, Th. 2.44], we have
m® diam(I?) < diam(I?) = 1,

so equation (2.5) implies that

diam (1Y) — 0 (2.6)

as 1 — 00.
For any i > 0 and j, 1 < j < k™, let T; ; denote the transformation of the

half-open interval I j(-i) induced by Tp. By construction, each T; ; is an interval
exchange defined on half-open intervals which we may denote by I ;ig clI J(i)

with 1 < £ < k",
By Lemma 6 and the construction of 7; and T j, we have

ED < kO L9 (2.7)
and 0
i 0
kY < kO 42, (2.8)
For any x € I ]@, the return function ry) corresponding to the induced trans-

formation 7 ; is bounded below by 7(¥), so that if rj(-i) (x) = rﬁ for z € Ij(.fg,
then 4 _
) > m® (2.9)

forall/, 1 <4< g9,
0

J
Now for i >0,1<j<k®, and 1 </l < k](-l), define
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k(D
A“ U TPI“

and (1) (4)
k'e =T

Since the set M; = UJ >1 Agz is invariant under 7', the ergodicity of u
implies that u(M;) =1 or ,u(Ml) =0.If u(M;) =1 then

&={AN 1< <KD 1<e<k)

is a partition of ([0,1), B, u). If u(M7) = 0, then the set [0,1) \ My is a T-
invariant union of a finite collection of half-open intervals, and we may carry
out the construction above with [0,1) \ M in the role of I®). Since T' = Ty
is an exchange of a finite collection of intervals we can, by repeating the
construction several times if need be, eventually obtain a partition &; as above
so that the associated transformations 7T; and T; ; possess the properties in
equations (2.3)—(2.8).

We claim that the construction of the partitions &; and the numbers k(
satisfy the hypotheses of Lemma 5, completing the proof of Theorem 6. T he
inequalities (2.7) and (2.8) show that the number of elements A;} in the
partition & does not exceed s = (r(9) 4+ 2)2. By the inequality (2.9) and
equation (2.5), we must have

mlnr(z — 0

gt

as i — co. Now suppose that C' € B and fix § > 0. Letting j and p range over
the intervals 1 < j < k™ and 1 < p < i ), define sets

Cli= oz e P17 and w(© N T7L) > (1= Otz
Cro=tw|w € T7L7 and p(C N TPLY) < (")),
and
Csi={z|xe€ TpI](-i) and 5@(1]@) <u(Cn TpI](.i)) <(1-— 5)N(Ij(-i))}'

By the Lebesgue density theorem [5, Th. A.24] and the fact that u is not
atomic, equation (2.6) implies that

1(Csi) — 0, (2.10)

u(CAC’;i) — 0,

and
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" (([o, 1)\ C)ACgi) =0 (2.11)
as i — 0o. We have o
kG
ARG ! i
Thel) o | e,
p=0

and the unions are pairwise disjoint for different values of j, so

uloa U T (1) ne)
7.

=>u (Tp[j(i)) @ (CA U 5 ([jﬁl} n C) }TpIJ(i)>
Jp 1
= Z;_z + Zé_z + Zé,z‘v

where the three sums are taken over those j and p for which 7?1 ](.i) is con-
tained in the sets Cg’ri, Cy,; and Cj; respectively. Since >, < u(Cs;), so
equation (2.10) implies that

S50 (2.12)

as 1 — oco. Now

K 70) @) _ k) (o
T nrer? = T (Tl

so that TpI](i) C C’g,’i implies that
kS () (@) (@) kS () (®
,u(CAUT a(rne)rr ) < u(T”I]. \Jrhe (1 ne)| e )
J4 J4
+4

y <Tp1;i> T (19 nc)
J4

N TPIJ(i>|TPIJ(i>> +6

(A sy
L
6. (2.13)

@ ; ;
Since |J, TkJ,erpI](.fZ = T”Ij(-z)7 and the sets in the union are pairwise disjoint

for different values of ¢, and the set CNTPI j(-i) differs from TPI ](-i) by a set of
measure no more than J, we have
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Jrs (rr1)ne) c o)
¢
and
&) (p 1) k) (p 7(6)
p(UrHe (17 ne) | = 3w (T4 (171 ne))
¢ ¢
¢
_ (2) (i)
—u (117 nc) = - ou ().
It follows that
. (4) . .
(iU () <
¢
which with equation (2.13) gives

" (CA Ut (1) nc) \TPI}“) <25,
L

and therefore
S < 26. (2.14)

Finally, we wish to estimate the size of Zgl We have
_ (i) i _
Si=nl oo [T (I](g N C) ney,
3,0

—p(cneg)+ Y u(rr?) (U T (1f)n ) ‘TPI](.i)) .

J»p 14

Since CNCy,; C ([0,1)\ C) ACs;, equation (2.11) implies that
" (O N Cgi) =0 (2.15)

as i — 00. Arguing as for the case ZL, we have

) ' i () i '
" (U T (1 ne) | ’) — 1 (U e (T ne) |TPI§”> ,

4 14
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Jrhi (e ne) c o,
4

and
(Ur (ian)) = (i ac) <ou (1),

so the second sum in Zgl is bounded above by 9.
Thus the bounds from (2.12), (2.14) and (2.15) together give

(i) i
ul oot () ne) ) —o
J.t

as ¢ — 0o, which proves the theorem by Lemma 5. O

2.1.2 Invariant Measures for Interval Exchanges

Clearly an interval exchange transformation may have many invariant mea-
sures if it has periodic points (in the extreme case, the identity map is an
interval exchange). The next example shows that Lebesgue measure may not
be the only invariant measure for an interval exchange transformation, even
if it is assumed to not have any periodic points.

Ezample 5. Let a € (0, %) be irrational, and let T' be the interval exchange
defined by the data o = (@, 3 — a,r, 3 — @) and m = (12)(34) € Xy. Then

,6:(0,04,%,%4“0[,1)

and
,8”:(0,%—04,%,1—04,1),

and the resulting map is show in Figure 2.3; it is clear that this map has no
periodic points since « is irrational.

Thus the interval [0, %) is invariant under 7', so Lebesgue measure is not
ergodic for T'. It follows that there must be at least two ergodic invariant
measures for T'. Indeed, there are two ergodic measures given by normalized

Lebesgue measure restricted to [0, 1) and [1,1).

Theorem 7 (Keane*). Suppose that T is an interval exchange without peri-
odic points defined on r intervals, and let p be a T-invariant Borel probability

4 Corollary 1 is due to Keane [23]; our treatment is taken from the monograph of Cornfeld,
Fomin, and Sinal [4], who mention that this was also shown by Zemlyakov.
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N|=

g )
o a+§

Fig. 2.3: An interval exchange with more than one ergodic invariant measure.

measure on [0,1). Then [0,1) is a union of no more than r subsets of positive
measure invariant under T'.

ProOF. The measure p is non-atomic since there are no periodic points.
Write
H={feL]|Urd=f}

for the subspace of invariant functions. Assume that [0, 1) is partitioned into &
sets A1,..., Ay, invariant under T, of positive y-measure, and define

H ={f¢€ Li | f is a.e. constant on each A;}.

Clearly H' C H, so the dimension of H as a complex vector space is no
smaller than k. Thus the theorem will follow if we can establish that

dim(H) < . (2.16)

For any function h € Li, let

H(h) =< Urh|neZ>

be the closure of the linear span of the orbit of A under Ur and write Pr for
the orthogonal projection onto the space H of invariant functions. Write

h* = h — Prh,

and notice that for any h € Li the space H(Prh) is one-dimensional (if h has
a non-trivial projection onto H) or zero-dimensional. By the mean ergodic
theorem [5, Th. 2.21],
| N1
~ 2 Uth— Prh
n=0
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as N — oo, so Prh € H(h). It follows that h* = h — Prh € H(h), and
thus H(h*) C H(h). Now Ur is unitary and by construction h- L H,
so H(ht) L H and H(h*) L H(Prh). Thus

H(h) = H(ht) ® H(Prh).

Assume now that we have found functions hy,..., h, € Li with the prop-
erty that
L2 =H(hy) + -+ H(hyp). (2.17)
Then

H = Prhy + -+ Prh,,

so dim(#H) < p. Thus equation (2.16) will follow if we can find r functions
satisfying equation (2.17).

Let h1 = x4yy..-,hr = Xxa,, where the A; are the intervals exchanged
by T'. By Theorem 5(2) and the fact that p is non-atomic, the linear span of
the indicator functions of the sets of the form

(for m > 1 and i, € {1,...,r} for each k) is dense in Li. Thus it is enough
to show that any such function can be written in the form
SN culUrtxa € Hixa) ©H(xa) & ®H(xa,).  (218)
i=1 k=0

We prove equation (2.18) by induction on the parameter m. For m = 0 this
is clear, so assume that equation (2.18) holds for m. Then

= XAig XT Ay n--NTmHL A, =

By the inductive hypothesis, the function x4, ipeys CATL be put in the form

of equation (2.18). Consider the intervals A;, as ig varies in their order in the
interval [0,1) (that is, in the order igp = 1,i; = 2,...). Now

AilﬂTAhﬂ---ﬂTmA Cz‘li17

Tm+1

so the sets of the form T'A;, N'T?A4;,N---NT™* 1 4; . are half-open intervals,
which we shall also consider in the natural order from left to right in [0,1).
Suppose first that ig = 1. If

TA;, NT?A;, N---NT™HA c A

7;Wn-#l
then
XALil,A,A,ierl =Up XA, i1

which is in the desired form. If
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TA, NT?*Ap, N -NT™A ¢ Ay (2.19)
then
XAt,i,..., i1 XA, — Z XAl,i’l _____ T
where the sum is taken over all choices of tuples (i},...,1,,,,) for which
TAy, it © A1

Using the case equation (2.19), each of these summands can be put in the
form desired, proving the result by induction in the case ig = 1.

Now assume that ig = 2 (the case igp > 2 follows by a simple modification
of the argument). There are again two possibilities. If

TA;, NT?A;,N---NT™HA C AU A,

Tm1

then
XA2iy,. i T XAiy, iy — XAvig, iy

which may be put into the desired form using the case ig = 1. If
TA;, NT?Ap, N ---NT™A; ¢ AU Ay,

then there are two possibilities. If TA;, . ;,.., N (A1 U Az) =0 then

IfTA N(A1UAz) # (0 then xa, ,, can be written in the form

11500 tm1 PP \SHL L2 7 W VAR A Ao iy, i1

where the summands each correspond to a case already considered. This
proves equation (2.18) and hence the theorem. Il

Corollary 1. If T is an interval exchange on r intervals, then T" has no more
than r distinct ergodic invariant measures.

PRrOOF. If q,..., up are ergodic T-invariant measures then, by the ergodic
theorem, we may find disjoint T-invariant sets By,. .., B} such that

1 ifi=yg;
i(B)) =
Hi(B;) {0 if i+ 7.

If p = %Zle w; of the measures, then by construction g is T-invariant
and pu(A;) = % > 0, so the statement follows from Theorem 7. O
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2.2 Cutting and Stacking

Relaxing some of the conditions imposed in the definition of interval exchange
transformations (Definition 10), and in particular permitting there to be in-
finitely many intervals, gives a larger class of transformations®. The extent of
this increased flexibility is shown in Theorem 8, which should be contrasted
with Theorem 6. Cutting and stacking is motivated by the Kakutani-Rokhlin
lemma [5, Lem. 2.45], which says that up to an arbitrarily small part of the
space X, a measure-preserving systems (X, B, u, T) with p non-atomic has
a geometrical presentation as a Rokhlin tower. Notice that a geometrical
presentation of a transformation in this way is implicitly using the material
from [5, Sect. A.6], in that it presents measurable subsets of a non-atomic
Borel probability space as intervals of the real line. This identification will
become explicit in Theorem 8.

The construction of a measure-preserving transformation by cutting and
stacking resembles Definition 10 but organizes the combinatorial information
differently®.

2.2.1 Cutting and Stacking Transformations

Let (X, B, ) be a Borel probability space, and assume that p is non-atomic.
A stack S = stack(h, w) of height h and width w is a collection of h intervals
each of length w. Such a stack implicitly defines a transformation on all levels
of the stack apart from the top level by requiring that the stack behave like
a Rokhlin tower for the transformation (see Figure 2.4).

The support of the stack S, denoted |S|, is the union of all the intervals
in S. A cutting of a stack stack(h, w) is defined whenever we are given positive
widths wy, ..., wp with wy; + -+ + wp = w; it comprises b disjoint stacks S;,
obtained by dividing each level of S into b intervals of widths wy, ..., w, (read
from left to right) and then defining S; to be the stack formed by the ith
interval at each level, as illustrated in Figure 2.5, so that |S| = Ule ISi]-

Given stacks S; = stack(hy,w) and Sy = stack(hg,w) of the same width,
we may concatenate them to form S1S, = stack(hy + ha, w) by placing the ho
levels of Sy above the hq levels of S; and treating them as a single stack of
height hl + hg.

A general cutting and stacking construction starts with a finite collection
of stacks. The final transformation is built up in infinitely many stages, each
of which involves cutting the stacks into smaller stacks and then adding some

5 A related but different family of constructions, in particular better adapted to build-
ing smooth models with controlled measurable properties, may be found in the notes of
Katok [19].

6 We follow the notation and presentation of Arnoux, Ornstein and Weiss [1] in this section.
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—_——~
level h —m8 —

-— - ‘%

h—1

levels 4\

Fig. 2.4: Part of a transformation defined by a stack S = stack(h, w).

[}
|
1
4

—_—_——| - = | =
—_— == | =
—_—_——| - = | =

S S1 S22 S3

Fig. 2.5: Cutting a stack S into three stacks.

new levels to the resulting stacks (not necessarily adding the same number
of levels to each). Two conditions are needed to make this infinite process
define a measure-preserving transformation on a Borel probability space: the
sum of all the widths of all the intervals used must be finite (and we can
then always arrange for it to be 1 by normalizing), and the maximum width
of any of the stacks at the nth stage must converge to zero. Once both of
these conditions are satisfied, the end product is automatically a Lebesgue
measure-preserving ergodic transformation” of an interval (which may be
normalized to be [0,1)). Notice that the final transformation is not defined
as a limit of other transformations: there is one single transformation, and
the infinite sequence of stages defines it on more and more of the space. Once
the transformation is defined on a part of the space, that definition is not
subsequently changed at a later stage. The residual set on which it is not
defined shrinks in measure to zero as n — oc.

7 We only need the measure-preserving part of this statement. Ergodicity and many other
features and examples of cutting and stacking may be found in the paper of Shields [34];
Friedman [11] gives an accessible introduction.



44 2 Geometric and Combinatorial Constructions

Definition 11. A cutting and stacking construction is the transformation of
an interval defined by starting with a finite collection of stacks

S; = stack(h;, w;)

for 1 < i < a, and then iterating the following procedure:

1. cut each stack S; into b; stacks of width w;;, where Z§=1 wi; = wi,
resulting in new stacks S;; = stack(h;, w;;);
2. add new levels to the stacks S;; to form Si_jSiij'j, where
S;] = stack(fij, wij)

and
Sjj = stack(g;j, wij)

for various fi;, g;; = 0; and

3. partition {(7,7) | 1 < i < a,1 < j < b;} into sets I1,..., I, with the
property® that w;; takes a single value wj, on I, and concatenate in
order the stacks S;; with (4, j) € Ij into a new stack Sj,, before relabeling
the resulting stacks to repeat.

Notice that the height of the stack Sy is 3 (; ey, (fij + hi + gi5). The
choices that determine the transition from one stage to the next are the set
of cutting widths w;;, the heights f;; of the stacks S;j added below, the

heights g;; of the stacks Sj'j added above, and the choice of the aggregated
sets 1.

Ezample 6. Construct a cutting and stacking transformation as follows. Be-
gin with the intervals [0, %) and [%, 1) labeled 0 and 1; at this stage the
transformation 7' (which will eventually be defined on all of [0,1)) is not
defined anywhere. Pass to the second stage by cutting each stack into four
equal intervals, and stacking them in pairs in such a way that all four pairs
of binary digits appear vertically. Choice is involved in doing this, and one
possible choice is illustrated in Figure 2.6(a). At this stage the transformation
is defined on half the space, and the graph of the part of the transformation
defined is shown in Figure 2.6(b).

At the next stage, each of the second stage columns of width % is cut
into 8 stacks of width 6%1, which are then stacked again in such a way that all
possible binary blocks of length 4 appear in the stacks when viewed vertically.
At this point the transformation is defined on all but i of the space.

After n stages there are 22" stacks, each of which has height 2"~! and
width 1/ 2”‘122"71, with a bijection between the labels on the columns and
the binary sequences of length 2"~!, with the transformation defined on all

8 The sets I}, need not be maximal with respect to this property, and the ordering of I, ...
is arbitrary.
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c g d h
o 1111
abcd efgh a b e f e f
(a) (b)
Fig. 2.6: The first stage, and the corresponding graph.

Fig. 2.7: The first three stages of Example 6.

but the top layer, which has measure 1/2"~!. At each stage of the construc-
tion every point z € [0,1) belongs to some stack and, since the widths of
the stack shrink to zero, almost every x € [0, 1) eventually belongs to a level
other than the top level of some stack, and therefore the transformation 7' is
defined almost everywhere on [0, 1).

We may define a map 0 : [0,1) — {0,1}%, defined almost everywhere,
by T"z € Ag(y), where Ag = [0, %) and A; = [%, 1). This map is an isomor-
phism between the map constructed and the Bernoulli shift on two symbols
with (4, 3)-measure.

Thus (in particular) it is possible for a transformation defined by cut-
ting and stacking to be mixing. The next result shows that much more is
true. Recall from [5, Exercise 2.9.2] that an invertible measure-preserving
system (X, B,u,T) is called aperiodic if p({x € X | T*(z) =x}) = 0 for
all k € Z\ {0}.

Theorem 8 (Arnoux, Ornstein, Weiss). Let (X, B, u,T) be an invertible
aperiodic measure-preserving system on a Borel probability space. Then there
is a transformation ([0, 1), Byo 1), S, m), obtained by cutting and stacking, that
is measurably isomorphic to (X, B, u,T).

Here Bjy 1) denotes the Borel o-algebra on [0,1) and m denotes Lebesgue
measure. This result means that, up to measurable isomorphism, every
measure-preserving system may be obtained by cutting and stacking®. If

9 Like the Jewett—Krieger theorem discussed in [5, p. 119], this result in some ways needs to
be interpreted in reverse: it does not assert that the class of aperiodic measure-preserving
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we are happy to ignore a small part of the space, the Kakutani—-Rokhlin
lemma [5, Lem. 2.45] makes Theorem 8 trivial. However, part of the mean-
ing of the Kakutani—-Rokhlin lemma is that any aperiodic measure-preserving
system can be presented in a way that places all of the interesting dynamics
onto a set of arbitrarily small measure. Thus Theorem 8 requires an infinite
sequence of Rokhlin towers, and a check that they can be constructed in such
a way that the combinatorics of the transition from one tower to the next is
no more complicated than that allowed by the cutting and stacking construc-
tion. In order to do this a slight refinement of the Kakutani-Rokhlin lemma
is needed.

For a measure-preserving system, write R = tower(B,n,¢) for a Rokhlin
tower with base B € B and residual set of measure exactly €. Thus

B,TB,..., 7" 'B
are disjoint sets, and p (U?:_Ol T’B) =1 —e. As with a stack, we write |R|
for the support UZ:OI T'B of the Rokhlin tower.

Lemma 7. Let X = (X, B, u, T) be an aperiodic measure-preserving system.
Then we may find a sequence of Rokhlin towers R; = tower(B;, n;,€;) for X
with the property that for any i > 1,

Ril € [Rit1|\ (Bix1 UT™ 7 Byyy) (2.20)
and for which p (|R;]) = 1 as i — oo.
PRrROOF. Choose a sequence ¢; \, 0 as i« — oo, and numbers
ny <ng <---

with Y00, i < ¢, /4 for all £ > 1.

i={ ni41

Start with Rokhlin towers

Ri = tower(Bj,n1, 3€1)

and
R; = tower(Bj,n2, 3€2).

We wish to modify R} so as to ensure equation (2.20) without changing it too
much. If [R}|N(B3 UT™271 B}) # () (one of the ways in which this may happen
is illustrated in Figure 2.8), then we delete from the tower R} a whole column
of height n; (that is, a set of the form Uleal T A for some A C B}) so remove
that intersection. This results in a new Rokhlin tower R? = tower(B?, ny, €?)
with

systems has a simple structure up to isomorphism; instead it means that the class of
transformations constructed by cutting and stacking has a very complex structure.
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1 —1pl 2
(BYuT™ 'Bi) n IR} = 0.

Since we have deleted a column of height ni, in each level deleting a set of
measure no larger than 7%2, we also have

(IR = n(IRi]) = 232

T™~1Bj]

7B
/_/

TB}
ol

Fig. 2.8: A Rokhlin tower R% that does not contain R} in its interior.

We repeat: for a Rokhlin tower R} = tower(B3, ns, 1€3) and modify R} to
some tower R3 by deleting whole columns of height ny; this at most removes

a set of measure 272 from R? to give a new tower R}. After going through an
3

entire sequence of towers R} we end up with a sequence of towers R{°, R5°, . ..
with the desired properties: each R$® = tower(B;, n;, €;) with €, < ¢; and with

equation (2.20). O

PROOF OF THEOREM 8. Let & C & C - -+ be a sequence of finite measurable
partitions of X with

[ee]

\/ & = B.

=1 M

Using Lemma 7, choose a sequence of towers Ry = tower(B1,n1,€1),Ra, ...
with equation (2.20), n; /* oo and with €; \, 0 as i — co. We use these towers
to construct a cutting and stacking transformation isomorphic to (X, B, u, T').

For the initial collection of stacks, take the tower R; and subdivide it into
columns that are pure with respect to the partition &;: that is, write By as
the disjoint union of sets By ; U---U B; 4, where each By ; is maximal with
the property that the sets By ;, TB1,...,T™ 1By, lie in a single set in &;.
This defines stacks Sy,; = stack(ni, u(B1,;)) for 1 < i < a1. Each of these
stacks corresponds to a Rokhlin tower tower(B; ;,n1), and each level in Sq ;
can be labeled with the label of the element of & to which the corresponding
level of tower(By,;,n1,€1,;) belongs.
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Now divide the tower Ry into maximal columns pure with respect to &
by writing By = Ba 1 U --- U By 4,. The requirement that the stacks in the
second stage of the cutting and stacking construction correspond to the tow-
ers tower(Bs ;, n;, €2,;) determines the cutting widths, the index sets, and the
number of new labels (some choice is involved in assigning new levels be-
tween successive Rj-columns in the towers based on Bj; to the top of the
lower or the bottom of the upper Ri-column). This is possible since by con-
struction |R1| lies inside the interior of Ro. As before, the stacks can be labeled
using the labels inherited from &5 seen in Rs.

Repeating this procedure infinitely often gives a cutting and stacking con-
struction that defines a transformation S : [0,1) — [0,1) almost everywhere,
with partitions ¢ C &, C -+ in such a way that the process defined by ¢&;
under 7' is measurably isomorphic to the process defined by &/ under S, and
so that Vfio &; generates all of By ). This gives an isomorphism between T
and S as required. ([

2.2.2 Chacon’s Transformation

In this section we describe a simple example of a measure-preserving system
that is weak-mixing but not mixing!°.

Let ag =0, let a, = Y1 | =57, and let A, = [24an_1, 2 +ay) forn > 1.
The sets A, are disjoint, and |J,—; An = [2,1). We define a transformation T
on [0,1) by cutting and stacking as follows.

Start with the interval [0, %), and cut it into three intervals of equal length,

[Oa %) = [07 %) U [%7
Add the set A; = [, 8) above the middle interval, and then stack the four
intervals up as shown in Figure 2.9(a); the part of the transformation defined

at this stage is shown in Figure 2.9(b).
At the next stage we start with the stack in the center of Figure 2.9, of

ol
=
C
ole
wlno
Z

height 4 and width %, cut it into three stacks each of width %, add the
set Ay = [3—‘%, 3—?) above the middle stack, and then place the middle stack

(of height 5) above the left-most stack, and finally place the right-most stack
onto the top of the middle stack. The result is a stack with base [0, %) and
height 13, which defines a map on all but 2—17th of the space, as illustrated in
Figure 2.10.

10 As mentioned in [5, p. 67], the earliest construction of such a system seems to be
Gaussian; this cutting and stacking construction is related to one found by von Neumann
and Kakutani in 1940 but only published much later by Kakutani [18] and modified by
Chacon [3]; we follow Friedman [11] for this section.
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Fig. 2.9: The first stage in constructing the Chacon map.
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Fig. 2.10: The second stage in constructing the Chacon map.

Notice that the map defined by Figure 2.10 extends that defined in Fig-
ure 2.9: it does not change the values where they are already defined, but
extends the map by defining it on the interval [%, %)

At the nth stage we have a stack of some height h,, and with base [0, 3%)
We cut this into three stacks of equal width, and place the set A, above
the middle stack. Stacking in the same way (middle onto the left, and then
right-most onto the middle) results in a stack of height h,, 11 = 3h,, + 1 with
base [0, 5:27).

If z € [0, 2) then x is not on the top level of the nth stack for a sufficiently
large n, so T'(z) is defined. If z € [%, 1), then z € A, for some unique n,
so T'(z) is also defined. Thus we have defined a Lebesgue measure-preserving

map T :[0,1) — [0,1), which we call the Chacon map.

Theorem 9. The Chacon map T is weak-mizing, but not mixing, with respect
to Lebesgue measure.

PRrROOF. Let A = [0, %), so that A is a union of disjoint levels in the stack
constructed at level n for each n > 2. If B is one of those levels, then (see
Figure 2.10 for the n = 2 case of this) 7"»B; = By, so

m (T""B N B) > tm(B).
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Since A is a disjoint union of these levels, we must also have

m (T"ANA) > m(A) = &,

which contradicts mixing since p(A)? = gil < 2—27 and h, — oo as n — oc.

We will use the characterization of weak-mixing from [5, Th. 2.36(5)], but
before doing so need to confirm that T is ergodic with respect to Lebesgue
measure. To this end, let A be a measurable subset of [0,1) with m(A) > 0.
By the Lebesgue density theorem we may a find a point a € A with the
property that for any € > 0 there is some § > 0 such that if [ > a is any
interval with m(I) < d, then m(ANI) > (1—¢)m(I). Fix e > 0 and choose n
large enough to ensure that T' has been defined on a subset of [0,1) with
measure at least 1 — § and that x lies on the rth level J in the nth stack.
Since T acts by translation on the levels,

m (T (ANJ)) =m(ANJ)> (1—em(J)

whenever T%J is still a level in that stack. It follows that

m|JTA| =m||JT/(ANT)
JEZ JEZ

, — T

Z m (T7(ANJ))

1—r

3

J
hp—1
> I—em(J)=(1—-e)hym(J)=(1—c¢).
j=1—r
Since € > 0 was arbitrary, we conclude that the orbit |J;cz T A has full
measure, so 1" is ergodic.

Now let f be a measurable function on [0, 1) with Urf = e!®f for some a
(that is, an eigenvalue for T'). Then |f| is invariant under T' so, by ergod-
icity, |f] is a constant almost everywhere. By normalizing we may assume
that |f| = 1 almost everywhere, so that

fla) =)

for some measurable map 6 : [0,1) — [0,27). By Lusin’s theorem (see [5,
Th. A.20]), for any € > 0 we may find a closed set F' with m(F) > 1 —¢
with the property that 6 is uniformly continuous on F: given ¢ > 0 there is
a ¢’ > 0 such that z1,x2 € F and |21 — 2| < ¢’ implies that |0(x1) —0(z2)| <
€¢’. By Lebesgue’s density theorem there is a point x € F so that F has
Lebesgue density 1 at x. Let ¢/ > 0 be given; choose n large enough to

ensure that 5 < ¢’ and with the property that there is a level J in the nth
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stack containing z with m(JNF) > (1 —€")m(F). If € is small enough, then
we can find points z1,z2,x3 € J arranged as in Figure 2.11.

Fig. 2.11: The nth stack in Chacon’s map.

By the construction of the map 7" we must then have

eie(y) _ f(y) _ eihnaeie(z)

and
ei@(z) — f(Z) — ei(thrl)aeiB(a:)7
so that
0(y) = hna + 0(x) (2.21)
and
0(2) = (hn + )a + 6(y), (2.22)

where both equalities are meant modulo 1. By our choice of n, |z —y| < §’
and |z — y| < ¢, so that taking equation (2.21) from equation (2.22) gives

la+06(y) —0(x)] = 10(z) — 0(y)| <€
and hence
la] <€ +10(y) — 0(z)| < 2€.
Since € > 0 was arbitrary, it follows that a = 0, and therefore T is weakly

mixing. O

Exercise: Use the proof of Theorem 8 to show that any aperiodic measure-
preserving system on a Borel probability space is measurably isomorphic to
an interval exchange transformation 7' : [0,1) — [0,1) on infinitely many
intervals [t;j_1,t;) with the properties that

1. 1111’1]*)00 tj = ].,
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2. T is a translation x — x + a; on each [tj_1,¢;);

3. the only accumulation point of the set {¢;_1 +a;} U{t; + a;} is 1; and
4. T is 1-to-1.
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