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These notes describe two constructions of measure-preserving transforma-
tions, one probabilistic and one geometric. The notes are a supplement to the
book [5]. The material is all standard, and in particular may largely be found
in the monograph of Cornfeld, Fomin and Sinăı [4]. It is assembled here to
provide a convenient source.
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Chapter 1

Constructions from Probability Theory

Examples of measure-preserving transformations (and, more generally, of
group actions that preserve a probability measure) are of central impor-
tance in ergodic theory. Any continuous map of a compact metric space
gives rise to at least one measure-preserving map (and possibly to many
measure-preserving maps). Many of the applications in number theory arise
from a specific type of construction of measure-preserving group actions built
from lattices in Lie groups. Here we give a brief introduction to some rather
different constructions which are also of great importance in ergodic theory.

The close connection between probability and ergodic theory is largely
concerned with the theory of entropy; here we indicate the connection be-
tween measure-preserving systems and stationary stochastic processes, and
go on to describe the important class of Gaussian dynamical systems1. Some
terminology from probability will be used, and in particular the conditional
expectation is used in Section 1.3.2.

1.1 Stationary Processes and Measure-Preserving Maps

Let (Ω,A, P ) be a probability space (that is, P is a measure on the σ-
algebra A of subsets of Ω, and P (Ω) = 1) and let (fn)n∈Z

be a sequence
of real-valued elements of L2

P (Ω) with the following properties: For any finite
set F = {n1, n2, . . . , nr} ⊂ Z, the probability measure PF defined by

PF (A) = P ({ω ∈ Ω | (f1(ω), . . . , fr(ω)) ∈ A})
1 We follow the treatment of Cornfeld, Fomin and Sinăı [4] closely; other convenient sources
include the lecture notes of Totoki [35] and the notes of Neveu [29] and Maruyama [26]. The
decomposition in Section 1.3.1 and part of the spectral analysis of Gaussian systems is due
to Itô [16], [17]; further spectral analysis was carried out by Fomin [9], [10]. Theorem 2 was
proved by Girsanov [12] and Theorem 3 by Foiaş and Strătilă [8]. Veršik [38], [37] showed
that Gaussian systems with countable Lebesgue spectrum are all measurably isomorphic.

1



2 1 Constructions from Probability Theory

for any Borel set A ⊂ Rr only depends on the set F up to translation, in
the sense that PF = PF+n for any n ∈ Z. In particular, the measure P{n} is
independent of n ∈ Z. The functions fn ∈ L2

P (Ω) are called random variables,
and any such sequence (fn)n∈Z

is called a stationary stochastic process. For
any random variable f ∈ L2

P (Ω), write E(f) = EP (f) =
∫
f dP for the

expectation or mean of f . A stationary stochastic process (fn)n∈Z
is called

centered if the expectation E(f0) = 0, and the function c : n 7→ E(f0fn) is
the covariance function of the process.

Definition 1 (Kolmogorov representation). Let (fn)n∈Z
be a station-

ary stochastic process on the probability space (Ω,A, P ). The associated
measure-preserving system is (X,B, µ, T ), where
• X = RZ and B is the Borel σ-algebra defined by the product topology

on X ;
• for any finite set F ⊂ Z, µ is the probability measure on X uniquely

determined2 by the property that µ ({x ∈ X | πF (x) ∈ A}) = PF (A) for
any Borel set A ⊂ RF , where πF : RZ → RF denotes the projection onto
the coordinates in F ; and

• the map T is the left shift on X .

Notice that the stochastic process can be recovered from the associ-
ated dynamical system, since fn = π{n} by construction. More generally,
if (X,B, µ, T ) is any measure-preserving system, and f ∈ L2

µ then the func-
tions defined by fn = Un

T f form a stationary stochastic process.
The measure-preserving system constructed in Definition 1 from the sta-

tionary stochastic process defined by a function f in L2
µ on a measure-

preserving system (X,B, µ, T ) is a factor of (X,B, µ, T ) (see [5, ]).

1.2 Gaussian Dynamical Systems

Gaussian probability distributions arise naturally in probability and statis-
tics, and in particular arise via the central limit theorem whenever indepen-
dent identically distributed random variables are averaged. In this section we
show how Gaussian measures may be used to construct a measure-preserving
system from a suitable measure on the circle. Just as in the simple case of
compact group automorphisms (see [5, ]), we are able to understand ergodic
properties of Gaussian automorphisms by studying a suitable decomposition
of the space of square-integrable functions under the action of the associated
isometry.

Recall that a real r× r matrix C is called positive-definite if xtCx > 0 for
any x ∈ Rr, with equality only for x = 0.

2 This property determines µ by the Kolmogorov consistency theorem [5, ].
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Definition 2. Let (X,B, µ) be a probability space. A list (x1, . . . , xr) of real-
valued random variables on (X,B, µ) has an r-dimensional Gaussian distri-

bution if there is a positive-definite r × r matrix C (the covariance matrix)
with the property that

µ ({x ∈ X | x1 ∈ C1, . . . , xr ∈ Cr})

=
1

(2π)r/2
√
det(C)

∫

C1

· · ·
∫

Cr

e−
1
2 (s−x)tC−1(s−x) ds1 . . . dsr,

where x =
∫
X xdµ = (x1, . . . , xr) is the mean of the list of random variables.

Notice that an r-dimensional Gaussian distribution is completely deter-
mined by the means xi and the covariances

c(xi, xj) = E(xixj) =

∫

X

xixj dµ

for 1 6 i, j 6 r.

Definition 3. Let X = RZ and let B be the Borel σ-algebra on X . A prob-
ability measure µ defined on B is called Gaussian if the joint distribution
of (xn1 , . . . , xnr

) is an r-dimensional Gaussian distribution for any r > 1 and
integers n1 < · · · < nr.

The parameters defining the r-dimensional Gaussian distribution for the
random variables (xn1 , . . . , xnr

) for all r determine µ by the Kolmogorov
consistency theorem. The measure µ is called stationary (invariant under the
shift map) if xn = m is independent of n ∈ Z and

c(xn1 , xn2) = c(xn1+n, xn2+n)

for all n1, n2, n ∈ Z. In this case we define the correlation function to be

c(n) = c(x0, xn).

Since the map (xn)n∈Z 7→ (xn − m)n∈Z transfers a Gaussian measure to a
Gaussian measure with zero mean, we assume from now on that the mean m
is zero. Notice that the correlation function is symmetric, since

c(−n) = c(x0, x−n)

= c(xn, x0)

= E(xnx0)

= c(x0, xn) = c(n)

for any n ∈ Z. Small values of the correlation function correspond to near-
independence of the random variables, and for this reason Gaussian processes
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are useful in the study of various kinds of asymptotic independence for the
measurable dynamical system given by the shift map T on X .

Example 1. Two simple extreme examples of Gaussian behavior are indepen-
dence and identity.

1. Define a measure on R by setting

µ0(A) =
1√
2π

∫

A

e−
1
2 s

2

ds

and then let µ =
∏

Z
µ0 be the infinite product measure. This measure

is invariant under the left shift map, and defines a Gaussian dynamical
system with correlation function

c(n) =

{
1 if n = 0;

0 if not.

This is an example of a Bernoulli shift on an infinite alphabet.
2. Define µ0 as above, and now define µ on RZ by

µ ({x ∈ X | x1 ∈ C1, . . . , xr ∈ Cr}) = µ0 (C1 ∩ · · · ∩ Cr) .

This defines a Gaussian dynamical system with c(n) = 1 for all n, and is
measurably the same as the identity map.

Definition 4. A function c : Z → C is positive-definite if, for any set

{n1, . . . , nr} ⊂ Z

and complex numbers a1, . . . , ar we have

r∑

j=1

r∑

i=1

ajaic(nj − ni) > 0.

Since the covariance matrix C associated to a Gauss measure is positive-
definite, the correlation function c is positive-definite in the sense of Defini-
tion 4, and is symmetric. It follows by the Herglotz–Bochner theorem that
there is a unique finite measure ρ on T with the property that

c(n) =

∫ 1

0

e2πins dρ(s) (1.1)

for all n ∈ Z. The measure ρ is called the spectral measure of the Gaussian
measure µ, and ρ determines µ (since we have assumed that the mean m is
zero). The symmetry property c(n) = c(−n) implies that ρ(B) = ρ(−B) for
any Borel set B ⊂ T.
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Example 2. The spectral measure in Example 1(1) is the Lebesgue measure
on the circle, and the relation in equation (1.1) is simply the familiar orthog-
onality of characters. The spectral measure associated with Example 1(2)
is δ0, the point mass at zero.

We will see later that these crude examples, in which an atomic spectral
measure is associated to a non-ergodic measure-preserving system while the
spectral measure for the infinite Bernoulli shift is non-atomic, reflect more
general results (see Theorems 1 and 4).

Lemma 1. There is a one-to-one correspondence between correlation func-

tions of stationary Gaussian measures µ with zero mean, and symmetric

positive-definite functions c : Z → R.

Proof. We have seen above that the correlation function of such a Gaussian
measure is positive-definite. Assume therefore that c : Z → R is positive-
definite; we wish to exhibit a unique corresponding Gaussian measure. Since c
is symmetric and positive-definite, the r × r matrix C defined by

Cij = c(j − i)

is symmetric and positive-definite for any r > 1. It follows that there is an
orthogonal matrix O for which

OCOt = diag(λ1, . . . , λr)

for some λi > 0, 1 6 i 6 r. Let R = diag(
√
λ1, . . . ,

√
λr) and A = (akj) =

RO, so that by construction AtA = C. Let z = (z1, . . . , zr) be a list of
independent real random variables, each with a probability density function

1√
2π

e−
1
2x

2

.

Now define real random variables x = (x1, . . . , xr) by x = zA. Then,
since z1, . . . , zr are independent, we have

E

(
ei〈u,x〉

)
= E

(
ei

∑
k zk(

∑
j ujakj)

)

= e−
1
2

∑
k(

∑
j
ujakj)

2

= e−
1
2u

tAtAu = e−
1
2u

tCu.

Thus x has a joint Gaussian distribution with covariance matrix C, so we
have constructed a measure µF on RF where F = {n1, . . . , nr}. Now if

F = {n1, . . . , nr} ⊂ {n1, . . . , ns} = E,

it is clear that the projection RE → RF sends µE to µF , so the Kolmogorov
consistency theorem gives a Gaussian measure µ on RZ as required. �
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Thus the distribution of any finite set of coordinates in a Gaussian process
is determined by finitely many parameters, and this simple structure allows
many explicit constructions to be made.

Now let (X,B, µ, T ) be a Gaussian system, and let H
(R)
1 be the closure

of the space spanned by {xn | n ∈ Z} in L2
µ; clearly H

(R)
1 is a UT -invariant

closed real subspace of L2
µ.

Lemma 2. 1. Any function f ∈ H
(R)
1 has a Gaussian probability distribu-

tion.

2. There is an isomorphism θ(R) from the subspace of real-valued functions φ

in L2
ρ with φ(t) = φ(−t) to H(R)

1 , with the property that

UT

(
θ(R)φ(·)

)
= θ(R)

(
e2πi·φ(·)

)
. (1.2)

Proof. If a sequence of random variables f1, f2, . . . converges to f in L2
µ, then

the corresponding probability density functions converge weakly, and hence
the values on characteristic functions converge uniformly on any bounded
interval. Now characteristic functions of Gaussian distributions converge only
to characteristic functions of Gauss distributions, proving (1).

Associate the random variable f =
∑r

k=1 akxnk
to the function

φ(t) =
r∑

k=1

ake
inkt

for any finite set {n1, . . . , nr} ⊂ Z. Clearly φ(t) = φ(−t), and

E(f2) =

∫
|φ(t)|2 dρ(t).

Thus this defines a one-to-one linear isometry θ(R) on symmetric trigono-
metric polynomials in L2

ρ(T) with equation (1.2), and this extends to the
symmetric functions in L2

ρ(T) by continuity. �

Extend θ(R) to all of L2
ρ by writing H1 = H

(R)
1 + iH

(R)
1 and associating

to each f = f1 + if2 ∈ H1 the function φ1 + iφ2, where φi = (θ(R))−1fi
for i = 1, 2. This defines a map θ from L2

ρ to H1.

Lemma 3. The map θ is an isomorphism between L2
ρ and H1; under this

isomorphism θ
(
ei·φ(·)

)
= UT θ (φ(·)) .

Proof. A function φ ∈ L2
ρ(T) may be decomposed as φ = φ1 + iφ2, where

φ1(t) =
1
2 [φ(t) + φ(−t)]

and
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φ2(t) =
1
2i [φ(t) − φ(−t)],

so that φ1(t) = φ1(−t) and φ2(t) = φ2(−t). The lemma follows by Lemma 2.
�

This gives our first result relating properties of the spectral measure ρ to
properties of the Gaussian dynamical system.

Theorem 1. If a Gaussian measure-preserving system is ergodic, then its

associated spectral measure is non-atomic.

Proof. Suppose that there is some t0 ∈ T for which ρ({t0}) = ρ({−t0}) > 0.
Define a function φ ∈ L2

ρ(T) by

φ(t) =

{
1 if t = t0;

0 if t 6= t0.

Then, by Lemma 2, f = θ(φ) is a non-zero complex random variable whose
real and imaginary parts satisfy a non-trivial two-dimensional Gaussian dis-
tribution. Now

θ−1UT f = e2πi(·)φ(·) = e2πit0φ(·) = e2πit0θ−1f,

so UT |f | = |f |, and the function |f | is invariant under T . Since f satisfies
a non-trivial two-dimensional Gaussian distribution, |f | is not almost every-
where equal to a constant, so T is not ergodic. �

In order to show the converse of Theorem 1, we will need a more sophis-
ticated decomposition of L2

µ, and this is provided by Itô’s theory of multiple
stochastic integrals. Part of this important theory constructs a decomposi-
tion of L2

µ into an orthogonal direct sum of subspaces Hm in such a way
that each Hm is isomorphic as a Hilbert space to the subspace of L2

ρm(Tm)
(where ρm denotes the measure ρ× · · · × ρ on Tm) comprising the functions
which are even in each variable and symmetric under permutation of the vari-
ables. Moreover, under this isomorphism, UT corresponds to multiplication
by the function t 7→ e2πi(t1+···+tm) (Proposition 1). Once this decomposition
is available, characterizing the basic ergodic properties of Gaussian dynami-
cal systems is relatively straightforward (see Section 1.3.2). While there are
many convenient sources for this material, including the monograph of Corn-
feld, Fomin and Sinăı [4] and the lecture notes of Totoki [35], it is less familiar
than the decomposition of L2

mX
(X) functions on a compact abelian group X

afforded by harmonic analysis (see [5, Sect. C.3]), and so is included here for
completeness.

The construction of the spaces Hm and the isomorphisms is lengthy, and
will take up much of Section 1.3.1. The construction will use the geometry
of Hilbert space to construct suitable spaces of functions, and averaging over
actions of the symmetric group to obtain the required symmetry properties.
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1.2.1 Characterizing Gaussian Automorphisms

A more general notion (giving rise to a more abstract approach to Gaussian
measure-preserving systems) is the following.

Definition 5. Let (X,B, µ, T ) be an invertible measure-preserving system. A
function h0 ∈ L2

µ with
∫
h0 dµ=0 is called a Gaussian element if for any r>1

and n1 < · · · < nr, the random variables hn1 , . . . , hnr
, where hn = Un

T h0,
satisfy a joint Gaussian distribution, meaning that for sets C1, . . . , Cr ∈ BR,

µ ({x ∈ X |hn1(x)∈C1, . . . , hnr
(x)∈Cr})= α

∫

C1

· · ·
∫

Cr

e−
1
2 〈As,s〉 ds1 . . . dsr,

where A−1 is the covariance matrix defined by

A−1 =
(〈
hni

, hnj

〉)
16i,j6r

,

and

α−1 =

∫

R

· · ·
∫

R

e−
1
2 〈As,s〉 ds1 . . . dsr.

Definition 6. A measure-preserving system (X,B, µ, T ) is called a Gaussian
automorphism if there is a Gaussian element h0 ∈ L2

µ with
∫
h0 dµ = 0 with

the property that the smallest σ-algebra containing all the sets

{x ∈ X | hn(x) ∈ C}

for some n ∈ Z and C ∈ BR is all of B.

1.3 Spectral Analysis of Gaussian Processes

From now on, we assume that (X,B, µ, T ) is a Gaussian measure-preserving
system whose spectral measure ρ is non-atomic. In order to describe the mix-
ing properties of T in terms of ρ we need to construct a suitable decomposition
of L2

µ. Once this is done we are able to use the decomposition in much the
same way as characters are used to relate ergodic and mixing properties of a
group endomorphism to algebraic properties of the dual homomorphism.

1.3.1 Hermite–Itô Polynomials

Let f : X → R be a random variable on the probability space (X,B, µ) with

µ ({x ∈ X | f(x) ∈ (α, β)}) = 1√
2πb

∫ β

α

e−t2/2b dt,
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where b =
∫
f2 dµ. That is, f has a Gaussian distribution with mean zero

and variance b.

Definition 7. Let f be a random variable with Gaussian distribution and
zero mean. Then the mth Hermite–Itô polynomial3 is the random variable

•

•fm•

•= fm + a1f
m−1 + · · ·+ am−1f + am

where the coefficients are determined by the (m− 1) linear relations given by
requiring that ∫

•

•fm•

• fp dµ = 0

for p = 0, 1, . . . ,m− 1.

Notice that •

•fm•

•∈ L2
µ for anym > 1, so we may think of these polynomials

using the geometry of the Hilbert space L2
µ. In particular, •

• fm •

• differs
from fm by the projection onto the space spanned by {fp | 0 6 p 6 m− 1}
of the vector fm, as illustrated in Figure 1.1. It follows that 〈 •

•fm•

• , •

•fn•

• 〉 = 0
for m 6= n.

fm

≪fp | 0 6 p 6 m− 1≫

0

•

•fm•

•

Fig. 1.1: The mth Hermite–Itô polynomial
•

•fm•

• .

The notion of Hermite–Itô polynomials extends to m-tuples of random
variables as follows.

Definition 8. Let f1, . . . , fm be Gaussian random variables in H
(R)
1 . The

Hermite–Itô polynomial •

• f1, . . . , fm
•

• is the orthogonal projection of the
product f1 · · · fm onto the subspace spanned by

{f ′
1 · · · f ′

p | 0 6 p 6 m− 1, f ′
i ∈ H

(R)
1 }.

Also define ◦

◦ f1, . . . , fm
◦

◦ to be the orthogonal projection of the prod-
uct f1 · · · fm onto the subspace spanned by

3 The notation
•

•fm•

• for the mth Hermite–Itô polynomial of f (which only makes sense
formally if the parameters f and m are kept separate) comes from physics, and is used in
the monograph of Cornfeld, Fomin and Sinăı [4].
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{fi1 · · · fip | 1 6 i1, . . . , ip 6 m, p < m}.

Thus for any p < m and f ′
i ∈ H

(R)
1 we have

∫
•

•f1, . . . , fm
•

• f ′
1 · · · f ′

p dµ = 0, (1.3)

by definition.

Lemma 4. •

•f1, . . . , fm
•

•= ◦

◦f1, . . . , fm
◦

◦ .

It follows that the random variables f ′
1, . . . , f

′
p used in Definition 8 may be

chosen from the original list of random variables f1, . . . , fm.

Proof of Lemma 4. Any random variable f ′ ∈ H
(R)
1 has a unique decom-

position f ′ =
∑m

k=1 ckfk + g, where
∫
gfk dµ = 0 for 1 6 k 6 m. Writing

in this way f ′
j =

∑m
k=1 cjkfk + gj for each j, the product f ′

1 · · · f ′
p may be

written as a sum of expressions Fℓ(f1, . . . , fm)Gp−ℓ(g1, . . . , gm), where Fℓ is
a polynomial of degree ℓ and Gp−ℓ is a polynomial of degree (p− ℓ). By the
orthogonality of the gi from the fi we have

∫
◦

◦f1, . . . , fm
◦

◦ Fℓ(f1, . . . , fm)Gp−ℓ(g1, . . . , gm) dµ

=

∫
◦

◦f1, . . . , fm
◦

◦ Fℓ(f1, . . . , fm) dµ

∫
Gp−ℓ(g1, . . . , gm) dµ = 0

by the construction of ◦

◦f1, . . . , fm
◦

◦ , which proves the lemma. �

It follows in particular that if f1, . . . , fm are pairwise orthogonal, then

•

•f1, . . . , fm
•

•= f1 · · · fm. (1.4)

Definition 9. LetH
(R)
m (respectivelyHm) be the L2

µ-closure of the real linear
span (complex linear span, respectively) of the sets of linear combinations of

functions •

•f1, . . . , fm
•

• with fi ∈ H
(R)
1 . Let Q

(R)
m ⊂ L2

ρm(Tm) be the Hilbert
space of functions φ : Tm → C with the following properties:

1. φ is symmetric with respect to the m variables;
2. φ(−t1, . . . ,−tm) = φ(t1, . . . , tm); and

3. ‖φ‖2 =
[∫

Tm |φ(t)|2 dρm(t)
]1/2

<∞.

It is clear that 〈Hm, Hn〉 = 0 for m 6= n, H
(R)
m ⊂ Hm, UTH

(R) = H
(R)
m ,

and UTHm = Hm for any m > 1.

Theorem 2. For any m > 1, there is an isometry θ
(R)
m : Q

(R)
m → H

(R)
m with

the following properties:

1. θ
(R)
m Q

(R)
m = H

(R)
m , and
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2. the isomorphism (θ
(R)
m )−1 : H

(R)
m → Q

(R)
m sends the operator UT to multi-

plication by the function t 7→ e2πi(t1+···+tm).

Proof. This is a lengthy proof, and in several places we will make use of the
shorthand f(t) or f(·) for the function t 7→ f(t).

Let θ
(R)
1 = θ(R) be the map constructed in Lemma 2, which satisfies the

stated properties for m = 1. Now fix m > 1 and let Σm denote the sym-
metric group on the symbols {1, . . . ,m}. Given φ ∈ L2

ρm(Tm), define the
symmetrization Σm [φ] to be the function defined by

Σm [φ] (t1, . . . , tm) =
∑

π∈Σm

φ(tπ(1), . . . , tπ(m)).

The group Σm × {±1} acts on Tm by

(t1, . . . , tm)
(π,±1)7−→ (±tπ(1), . . . ,±tπ(m)).

We claim that the set

D = {t ∈ Tm | t1 + · · ·+ tm > m/2, t1 > t2 > · · · > tm}

is a fundamental domain for the action of Σm ×{±1} in the following sense:

ρm(∂D) = 0,

and for any point t ∈ Tm whose orbit under the action does not meet ∂D,
the orbit meets D in a single point. To see this, notice that if t is a point
with ti 6= tj for i 6= j, then there is some π ∈ Σm with tπ(1) > · · · > tπ(m).
Clearly either

∑
i tπ(i) > m/2 or

∑
i −tπ(i) > m/2 (where we are writing

elements of T as real numbers in [0, 1) and summing them as real numbers),
so under the action of ±1 we can satisfy the first condition definingD. Finally,
the boundary ∂D is a union of finitely many hyperplanes, and the ρm-measure
of each of these is zero since ρ is non-atomic by assumption.

We now wish to define θ
(R)
m on Q

(R)
m . Let D1, . . . , Dm be Borel subsets

of [0, 1) with
(Di ∪ (−Di)) ∩ (Dj ∪ (−Dj)) = ∅ (1.5)

for i 6= j and with D1 × · · · ×Dm ⊂ D. Associate to such a list of sets the
functions

φ+i = χDi∪(−Di) (1.6)

and
φ−i = i

(
χDi

− χ(−Di)

)
(1.7)

for 1 6 i 6 m. For any e = (e1, . . . , em) ∈ {±1}m, define a function φ ∈ Q
(R)
m

by
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φ(t) =

√
1

m!
Σm

[
m∏

i=1

φeii (ti)

]
. (1.8)

For any Borel set B ⊂ [0, 1) write

ΦB = θ
(R)
1 (χB(·)),

Φ+
B = ΦB∪(−B),

and
Φ−
B = i

(
ΦB − Φ(−B)

)
.

By construction, the functions Φ+
Di

and Φ−
Di

lie in H
(R)
1 , and in particular are

Gaussian random variables with

〈
Φ+
Di
, Φ−

Di

〉
=

∫
φ+i φ

−
i dρ(t) = 0,

so Φ+
Di

and Φ−
Di

are independent. For the function φ ∈ Q
(R)
m in equation (1.8),

define

θ(R)m (φ) =

m∏

i=1

Φei
Di

; (1.9)

this then determines θ
(R)
m on all such functions. Notice that the expression in

equation (1.9) is well-defined, since the presentation of the function φ in the
form of equation (1.8) is itself unique.

We claim that θ
(R)
m (φ) ∈ H

(R)
m . From the assumption in equation (1.5),

it follows that distinct terms in the right-hand side of equation (1.9) are
independent. Thus by equation (1.4) we have

•

•θ(R)m (φ)••= θ(R)m ,

so that θ
(R)
m (φ) ∈ H

(R)
m . Moreover,

‖φ‖22 =
1

m!

∥∥∥∥∥Σm

[
m∏

i=1

φeii (·)
]∥∥∥∥∥

2

2

=

∥∥∥∥∥

m∏

i=1

φeii (·)
∥∥∥∥∥

2

2

= 2m

∥∥∥∥∥

m∏

i=1

φi(·)
∥∥∥∥∥

2

2

= 2m
m∏

i=1

ρ(Di),

while the independence of the functions Φ±
Di

for distinct i shows that

∥∥∥θ(R)m (φ)
∥∥∥
2

2
=

∥∥∥∥∥

m∏

i=1

Φei
Di

∥∥∥∥∥

2

2

=

m∏

i=1

‖φeii (·)‖22 = 2m
m∏

i=1

ρ(Di),



1.3 Spectral Analysis of Gaussian Processes 13

so θ
(R)
m acts as an isometry on the set of functions of the form in equation (1.8).

We now extend the domain of θ
(R)
m in successive stages. Given functions

φ1, . . . , φk

of the form in equation (1.8) with disjoint supports, and constants a1, . . . , ak ∈
R, write φ(t) =

∑k
i=1 aiφi(t), and write A for the set of all functions obtained

in this way. The disjoint supports ensure that the representation of a function

in A in this form is unique, so the map θ
(R)
m extends uniquely to A by setting

θ(R)m (φ) =

k∑

i=1

aiθ
(R)
m (φi).

Since the functions φ1, . . . , φk have disjoint supports, the extension of θ
(R)
m

to A remains an isometry.
Now suppose that D(1), D(2), . . . , D(k) are disjoint rectangles in Tm, and

let
c1, . . . , ck ∈ C

be constants. Denote by A′ the set of all functions of the form

φ(t) =

k∑

i=1

(
ciΣm[χD(j)(t)] + cjΣm[χ−D(j)(t)]

)
;

we claim that A′ = A. The inclusion A ⊂ A′ is clear from the definitions. For
the reverse inclusion, notice that the functions in A and in A′ are invariant
under the action of Σm × {±1} by construction, so it is enough to show
that AD ⊃ A′

D, where AD and A′
D denote the functions on D obtained by

restriction to D. As a real vector space A′
D is spanned by functions of the

form χD̃ and iχD̃, where

D̃ = D1 × · · · ×Dm ⊂ D.

Now for t ∈ D,

χD̃(t) = Σm

[
m∏

i=1

φ+i (ti)

]

and

iχD̃(t) = Σm

[
φ−1

m∏

i=2

φ+i (ti)

]
,

so both functions lie in A′.
Since A′ is also a real vector space, this shows that A ⊃ A′.

We now claim that the closure of A in L2
ρm(Tm) coincides with Q

(R)
m . To

see this, let φ be an element of Q
(R)
m and fix ǫ > 0. Choose a function
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φ(ǫ) ∈ L2
ρm(Tm)

that vanishes on an ǫ-neighborhood of Tm \D, for which

∫

D

|φ− φ(ǫ)| dρm < ǫ.

We can also find a set of disjoint rectangles D(1), . . . , D(k) ⊂ D and constants

c1, . . . , ck ∈ C

for which ∥∥∥∥∥φ
(ǫ) −

k∑

i=1

ciχD(i)

∥∥∥∥∥
2

< ǫ.

Write

φǫ =

k∑

i=1

(ciΣm[χD(i) ] + ciΣm[χD(i) ]) ,

so that ‖φ − φǫ‖ < (1 + 2m!)ǫ. As above, this density for the functions

restricted to D shows that the closure of A is Q
(R)
m . Since the map θ

(R)
m is an

isometry on the dense subspace A, it extends to an isometry on Q
(R)
m . We

claim that
θ(R)m

(
Q(R)

m

)
= H(R)

m ; (1.10)

it is clear from the construction that θ
(R)
m

(
Q

(R)
m

)
⊂ H

(R)
m . The real linear

span of the set of Hermite–Itô polynomials of the form

•

•

m∏

i=1

(ciΦDi
+ ciΦ−Di

)••

where Di is an interval of the form

Dp,q = [
p

2q
,
p+ 1

2q
)

with 1 6 q <∞ and 0 6 p < 2q, is dense in H
(R)
m . The identity

cΦDi
+ cΦ−Di

= ℜ(c)Φ+
Di

+ ℑ(c)Φ−
Di

shows that the same real vector space is spanned by the Hermite–Itô poly-
nomials of the form

•

•

m∏

i=1

Φ±
Di

•

• . (1.11)
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Thus it is sufficient to show that each function of the form in equation (1.11)

is an element of θ
(R)
m

(
Q

(R)
m

)
.

Any interval Dp,q is a disjoint union of intervals of the form Dℓ,n if n is
large enough, so a function of the form in equation (1.11) may be represented
as a finite sum of Hermite–Itô polynomials of the form

•

•

m∏

i=1

Φ±(Dpi,n)
•

• ,

corresponding to the decomposition of the rectangle
∏m

i=1Di into disjoint

rectangles
∏m

i=1Dpi,n. Write a sum of the form in equation (1.11) as
∑1

n +
∑2

n

where
∑1

n is taken over all the parameter choices (p1, . . . , pm) for which the
collection

Dp1,n, . . . , Dpm,n

is a family of disjoint intervals, and
∑2

n comprises the remaining terms.

By construction, the Gaussian random variables appearing in
∑1

n are in-
dependent, so

•

•

m∏

i=1

Φ±(Dpi,n)
•

•=

m∏

i=1

Φ±(Dpi,n) =

√
1

m!
Σm

[
m∏

i=1

φ±Dpi,n
(ti)

]

(where the implicit signs in the product on the left-hand side are carried
through to the right-hand side, and the notation φ±Dpi,n

is the obvious exten-

sion of that given in equation (1.6) and equation (1.7)).

In particular,
∑1

n ∈ θ
(R)
m

(
Q

(R)
m

)
, so it will be enough to show that

‖∑2
n ‖22 = E

((∑2
n

)2)
→ 0

as n→ ∞.
Fix a term in

∑2
n, and enumerate the intervals Dpi,q which appear in it

in ascending order of pi as

D1 ⊂ · · · ⊂ Dm′

for some m′ < m (since the intervals Dp,q as p varies partition [0, 1), and
by hypothesis not all the intervals appearing are disjoint, two at least must
coincide). Thus this summand may be written in the form

Π = •

•

m′∏

i=1

(
Φ+
Di

)r+
i
(
Φ−
Di

)r−
i •

•=

m′∏

i=1

•

•

(
Φ+
Di

)r+
i
(
Φ−
Di

)r−
i •

• (1.12)
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by Lemma 4, with r+i +r−i > 1 for at least one value of i. We estimate the L2-

norm of the function
∑2

n as follows. By orthogonality of the Hermite–Itô poly-
nomials, the inner product of distinct products of the form equation (1.12)
vanish, so

〈∑2
n,
∑2

n

〉
=
∑

Π

〈Π,Π〉

=
∑ m′∏

i=1

E

(
•

•

(
Φ+
Di

)r+
i
(
Φ−
Di

)r−
i •

•

2
)

Since the random variables Φ+
D and Φ−

D are independent Gaussians, we have

E

(
•

•

(
Φ+
Di

)r+
i
(
Φ−
Di

)r−
i •

•

2
)
= E

(
•

•

(
Φ+
Di

)r+
i •

•

2 •

•

(
Φ−
Di

)r−
i •

•

2
)

= E

(
•

•

(
Φ+
Di

)r+
i •

•

2
)
E

(
•

•

(
Φ−
Di

)r−
i •

•

2
)

6 Cr+
i
ρr

+
i (Di)× Cr−

i
ρr

−

i (Di)

6 Cmρ
r+
i
+r−

i (Di);

it follows that

m′∏

i=1

E

(
•

•

(
Φ+
Di

)r+
i
(
Φ−
Di

)r−
i •

•

2
)
6 Cmρ

m(Dp1,n × · · · ×Dpm,n)

where Dp1,n×· · ·×Dpm,n is the original rectangle corresponding to the sum-

mand from
∑2

n, and Cm depends only on m. Thus
〈∑2

n,
∑2

n

〉
6 Cmρ

m(Bn),

where Bn is the union of those rectangles

Dp1,n × · · · ×Dpm,n

which intersect some hyperplane defined by ti = tj , ti = −tj on Tm. Since the
measure ρ is assumed to be non-atomic, each of these hyperplanes is a ρm-null
set, so ρm(Bn) → 0 as n→ ∞, completing the proof that any function of the

form in equation (1.11) is an element of θ
(R)
m

(
Q

(R)
m

)
and therefore showing

part (1) of Theorem 2.
It remains to show part (2); to do this we first show that

•

•

m∏

i=1

xni

•

•

is the function
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t 7−→ θ(R)m

(√
1

m!
Σm

[
e2πi

∑m
i=1 niti

])
. (1.13)

To this end, fix ǫ ∈ (0, 1), and for each i with 1 6 i 6 m, choose constants a
(i)
p,n

so that the random variable

f
(ǫ)
i =

∑
a(i)p,nΦ

±
Dp,n

∈ H
(R)
1

has ∥∥∥xni
− f

(ǫ)
i

∥∥∥
2
=
∥∥∥e2πini· − φ

(ǫ)
i (·)

∥∥∥
2
6 ǫ,

where
φ
(ǫ)
i (t) =

∑

p

a(i)p,nφ
±
Dp,n

(t).

Write Φ(ǫ) =
∏m

i=1 f
ǫ
i ; then

∥∥∥∥∥

m∏

i=1

xni
− Φ(ǫ)

∥∥∥∥∥ 6 Cǫ

for some constant C, and therefore

∥∥∥∥∥
•

•

m∏

i=1

xni

•

• − •

•Φ(ǫ)•
•

∥∥∥∥∥ 6 Cǫ.

Now by construction we may write

Φ(ǫ) =
∑

a(1)p1,n · · · a(m)
pm,n

m∏

i=1

Φ±
Dpi,n

.

Decompose the last sum into
∑1 +

∑2 and correspondingly write

Φ(ǫ) = Φ(ǫ,1) + Φ(ǫ,2),

where the sum
∑1

involves all those collections p1, . . . , pm with the property
that

m∏

i=1

Dp1,n ∩ ∂D = ∅.

As argued above, ‖∑2 ‖2 → 0 as n→ ∞, so for sufficiently large n we have

∥∥∥∥∥
•

•

m∏

i=1

xni

•

• − •

•Φ(ǫ,1)•
•

∥∥∥∥∥ 6 Cǫ.

Write φ(ǫ)(t) =
∏m

i=1 φ
ǫ
i(ti), so that
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∥∥∥e2πi
∑m

i=1 niti − φ(ǫ)(t)
∥∥∥
2
6 Cǫ,

and hence
∥∥∥∥∥

√
1

m!
Σm

[
e2πi

∑m
i=1 niti

]
−
√

1

m!
Σm

[
φ(ǫ)(t)

]∥∥∥∥∥
2

6 Cǫ.

As above, we may write

φ(ǫ)(t) =
∑

a(1)p1,n · · ·a(m)
pm,n

m∏

i=1

φ±Dpi,n
(ti)

and split this sum in the same way into
∑1

+
∑2

with corresponding de-
composition φ(ǫ) = φ(ǫ,1) +φ(ǫ,2). As before, ‖φ(ǫ,2)‖2 6 ǫ for large enough n,
so ∥∥∥∥∥

√
1

m!
Σm

[
e2πi

∑m
i=1 niti

]
−
√

1

m!
Σm

[
φ(ǫ,1)(t)

]∥∥∥∥∥
2

6 Cǫ.

Now θ
(R)
m is an isometry, so it follows that

∥∥∥∥∥θ
(R)
m

(√
1

m!
Σm

[
e2πi

∑
m
i=1 niti

])
− θ(R)m

(√
1

m!
Σm

[
φ(ǫ,1)(t)

])∥∥∥∥∥
2

6 Cǫ.

By construction of the map θ
(R)
m we have

θ(R)m

(√
1

m!
Σm

[
φ(ǫ,1)(t)

])
= •

•Φ(ǫ,1)•
• ,

so we deduce that
∥∥∥∥∥

•

•

m∏

i=1

xni

•

• −θ(R)m

(√
1

m!
Σm

[
e2πi

∑
m
i=1 niti

])∥∥∥∥∥
2

6 Cǫ,

which proves equation (1.13) since ǫ was arbitrary.

Now in the space Q
(R)
m consider the group of operators {V n | n ∈ Z},

where V n is defined by

(V nφ)(t) = e2πin
∑

m
i=1 tiφ(t).

We claim that Un
T = θ

(R)
m V n(θ

(R)
m )−1 (from which it follows that the spaceH

(R)
m

is UT -invariant). Write f = •

•

∏m
i=1 xni

•

• ; since Un
T f = •

•

∏n
i=1 xni+n

•

• it follows
that
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Un
T f = θ(R)m

(√
1

m!
Σm

[
e2πi

∑m
i=1(ni+n)ti

])

= θ(R)m

(
e2πin

∑m
i=1 ti

√
1

m!
Σm

[
e2πi

∑m
i=1 niti

])

= θ(R)m V n(θ(R)m )−1f ;

since the linear space of such functions generates the whole space H
(R)
m the

proof is completed. �

We have constructed spaces of real-valued functions H
(R)
m for m > 1; add

to these H
(R)
0 = R, the one-dimensional space of real constant functions.

Theorem 3. The space H(R) of real-valued functions in L2
µ(X) decomposes

as the direct sum
⊕∞

m=0H
(R)
m .

Proof. For any collection n1, . . . , np of integers define the real subspace

Hn1,...,np
⊂ H(R)

to be the space of functions in L2
µ(X) that depend only on the random

variables xn1 , . . . , xnp
. Since the closure of the sum of all the real sub-

spaces Hn1,...,np
is all of H(R), it is sufficient to check that

Hn1,...,np
⊂

∞⊕

m=0

H(R)
m .

Suppose that the random variables xni
for 1 6 i 6 p have a joint probability

density function of the form

ψ(s) =

√
detA

(2π)p/2
e−

1
2 〈As,s〉,

where A is a symmetric positive-definite matrix. Any function f ∈ Hn1,...,np

can be identified with a function f with the property that

∫
f2(s)ψ(s) ds1 . . . dsp <∞.

The matrix A may be diagonalized, so up to a linear change of variables we
may assume that

ψ(s) =
1

(2π)p/2
e−

1
2

∑p
i=1 t2i .
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For any indicator function χB and ǫ > 0, there is4 a polynomial Pǫ in p
variables with

1

(2π)p/2

∫

Rp

|χB(t)− Pǫ(t)|2e−
1
2

∑p
i=1 t2i dt < ǫ.

The polynomial Pǫ can be written as a sum of products of Hermite polyno-
mials in one variable, and each such product corresponds to an element of
the space

∞⊕

m=0

H(R)
m ,

proving the theorem. �

All that remains is to extend the decomposition to complex-valued func-

tions. Write Hm = H
(R)
m + iH

(R)
m , Qm = Q

(R)
m + iQ

(R)
m for all m > 1. By

construction Hm is a closed subspace of L2
µ and Hm ⊥ Hn for m 6= n. Given

a function φ ∈ Qm, define

φ1(t) =
1

2

(
φ(t) + φ(−t)

)

and

φ2(t) =
1

2i

(
φ(t)− φ(−t)

)
,

so that φ = φ1+iφ2 and we can extend the function constructed in Theorem 2

to the complex space Qm by setting θm(φ) = θ
(R)
m (φ1) + iθ

(R)
m (φ2). Similarly,

we extend the operator V to Qm by defining

(V nφ) (t) = e2πi
∑

m
i=1 tiφ(t).

By Theorems 2 and 3 the spacesHm and Qm have the following properties.

Proposition 1. With the notation above:

1. UTHm = Hm for m > 1;
2. L2

µ =
⊕∞

m=0Hm, where H0 = C is the space of complex constant func-

tions; and

3. the isometry θm : Qm → Hm has Un
T = θmV

n(θm)−1 for all m > 0
and n ∈ Z.

4 This is simply the statement that the classical polynomials introduced by Hermite [14] are

dense in the Hilbert space associated to the inner-product 〈f, g〉 =
∫
∞

−∞
f(t)g(t)e−t2/2 dt;

see Hewitt and Stromberg [15, Ex. 16.25] for example.
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1.3.2 Mixing Properties of Gaussian Systems

Theorem 1 is the most basic result connecting properties of the spectral
measure ρ to dynamical properties of the associated Gaussian dynamical
system: if µ is ergodic for T then ρ must be non-atomic. The first result that
becomes available using the decomposition of L2

µ constructed in Section 1.3
is a strong converse to this result.

Theorem 4. Let (X,B, µ, T ) be a Gaussian measure-preserving system with

associated spectral measure ρ and correlation function c : Z → R.

1. If ρ is non-atomic, then (X,B, µ, T ) is ergodic.

2. The system (X,B, µ, T ) is mixing if and only if c(n) → 0 as |n| → ∞.

Proof. (1) Assume that ρ is non-atomic, let f ∈ L2
µ be an eigenfunction

of UT , and write UT f = κf for some κ ∈ S1. Expand f using the orthogonal
decomposition from Section 1.3 into f =

∑∞
m=0 fm with fm ∈ Hm (and

hence 〈fm, fn〉 = 0 for m 6= n). The spaces Hm are invariant under UT

and f is an eigenfunction, so all the components fm are eigenfunctions of UT

with the same eigenvalue also. Let φm = (θm)−1fm for m > 0, so that by
Proposition 1(3) above,

(V nφm) (t) = e2πin
∑m

i=1 tiφm(t)

=
(
Vn(θm)−1)fm

)
(t)

= (θm)−1Un
T fm

= (θm)−1(κfm)(t) = κ
(
(θm)−1fm

)
(t) = κφm(t),

so that multiplication by the function

t 7−→ e2πin
∑

m
i=1 ti

sends φm to κφm as elements of Qm. Thus, for m > 1,

∫ ∣∣∣e2πin
∑

m
i=1 tiφm(t)− κφm(t)

∣∣∣
2

dρm(t)

=

∫ ∣∣∣e2πin
∑

m
i=1 ti − κ

∣∣∣
2

|φm(t)|2 dρm(t) = 0,

so φm(t) = 0 almost everywhere with respect to ρm on the complement of
the set

{t | e2πi
∑

m
i=1 ti = κ},

which is a null set with respect to ρm since, by assumption, ρ is non-atomic.
Hence for m > 1 we have φm = 0 almost surely, and hence f = f0 is a
constant and T is weak-mixing.

Turning to the proof of (2), recall that if we think of the coordinate x0 as
the random variable x0 : X → R we have
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c(n) = 〈Un
T x0, x0〉

for all n ∈ Z. Thus, if T is mixing, we must have c(n) → 0 as |n| → 0 (see [5,
Ex. 2.7.5]). Conversely, assume that c(n) → 0 as |n| → 0, let fm ∈ Hm for
some m > 1, and write φm = (θm)−1fm. By Proposition 1,

〈Un
T fm, fm〉 =

∫
e2πi

∑
m
i=1 ti |φm(t)|2 dρm(t). (1.14)

Write ρ∗m for the m-fold convolution ρ∗· · ·∗ρ, and let ψ(t) be the conditional
expectation of the function |φm(t)|2 under the condition that

∑m
i=1 ti = t.

Then

〈Un
T fm, fm〉 =

∫
e2πitψ(t) dρ∗m

(indeed, this identity for all functions characterizes the conditional expecta-
tion). By construction, φm ∈ Qm, so

∫
ψ(t) dρ∗m(t) <∞. By assumption,

∫
e2πint dρ∗m(t) = cm(n) → 0

as |n| → ∞, so the Riemann–Lebesgue lemma [5, Lem. C.16] shows that

〈Un
T fm, fm〉 → 0

as n→ ∞. Clearly

〈
Un
T

N∑

m=1

fm,

N∑

n=1

fm

〉
=

N∑

n=1

〈Un
T fm, fm〉 ,

so we also have 〈Un
T f, f〉 → 0 as n→ ∞ for any function f that can be written

in the form f =
∑N

m=1 fm with fm ∈ Hm. The set of such functions is dense
in the set of functions in L2

µ with zero integral, so we have proved that T
is mixing by the characterization of mixing due to Rényi [33]: a measure-
preserving transformation T is mixing if and only if

µ(A ∩ T−nA) → µ(A)2

for all A ∈ B. �

As an application of Theorem 4, notice that by the Riemann–Lebesgue
lemma ([5, Lemma C.16]), if ρ is absolutely continuous with respect to
Lebesgue measure, then c(n) → 0 as |n| → ∞, so the corresponding Gaus-
sian measure-preserving system is mixing. On the other hand, there are non-
atomic measures on S1 that are singular with respect to Lebesgue measure
yet have the property that c(n) → 0 as |n| → ∞. The corresponding Gaussian
measure-preserving systems are therefore weak- but not strong-mixing.
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1.4 A Rigid Zd-Action With Mixing Shapes

In this section we describe an example due to Ferenczi and Kamiński [6]
that illuminates what is possible in general for measure-preserving Zd-actions
with d > 1; the treatment5 is taken from [40]. This example is included to
illustrate some of the power and flexibility of Gaussian constructions, and it
should be contrasted with the algebraic examples of mixing behavior from [5,
Sect. 8.2]. A finite set {n1, . . . ,nr} ⊂ Zd is a mixing shape for a measure-
preserving Zd-action T on (X,B, µ) if

µ




r⋂

j=1

T−knjAj


→

r∏

j=1

as k → ∞. The example is constructed as a Gaussian process, and the
construction from Section 1.2 extends easily to define Zd-actions as fol-
lows. Let (Ω,F0) =

∏
n∈Zd(R,B) where B is the Borel σ–algebra on R.

Let ξn(ω) be the nth coordinate of ω ∈ Ω, and let µ be a probability
measure on (Ω,F0) with the property that for any k–tuple of integer vec-
tors n1, . . . ,nk of the k–dimensional random variable (ξn1 , . . . , ξnk

) is a k–
dimensional Gaussian law, and the joint distribution is stationary in the sense
that µ(n1+m,...,nk+m) = µ(n1,...,nk) for any m ∈ Zd. Let F denote the com-
pletion of F0 under µ. Then (Ω,F , µ, {ξn}n∈Zd) is a d–dimensional Gaussian
stationary sequence. Assume that E{ξn} = 0 for each n ∈ Zd. The covariance
function R : Zd → C may be expressed in terms of a (symmetric) spectral
measure ρ on Td as

R(n) = E{ξn+mξm} =

∫ 1

0

· · ·
∫ 1

0

e−2πi(n1s1+···+ndsd)ρ( ds1 . . . dsd).

Conversely, if ρ is a symmetric finite measure on Td, then there is a unique d–
dimensional Gaussian stationary sequence whose spectral measure is ρ. As-
sociated to any Gaussian stationary sequence of the above form there is a
measure–preserving Zd–action α, defined by the shift on Ω. Standard ap-
proximation arguments give the following. Let C denote the class of func-
tions f : Ω → C with the property that f(ω) = F (ξm1(ω), . . . , ξmt

(ω)) for
some m1, . . . ,mt and some bounded continuous function F : Rt → C. Let α
be a Gaussian Zd–action. Then, in order to check any mixing property, it is
sufficient to check it for functions in the class C.

For each n ∈ Zd, the Z–action generated by the transformation αn is again
Gaussian, on (Ω,Fn), where Fn is the sub-σ-algebra of F generated by the
projections {ξkn}k∈Z. The spectral measure of αn is ρn = ρψ−1

n
, where the

map ψn : Td → T is given by ψn(s1, . . . , sd) = n1s1 + · · ·+ ndsd modulo 1.

5 Consult Totoki [35] or Cornfeld, Fomin and Sinăı [4] for the details of the approximation
arguments needed.
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Now choose 1, β1, . . . , βd linearly independent over Q, and let

f(t) = (β1t, . . . , βdt)

for t ∈ T. Let ı : Td → Td be the involution

ı(t1, . . . , td) = (1− t1, . . . , 1− td).

Define a symmetric, singular, continuous measure ρ on Td by

ρ =
1

2

(
mTdf−1 +mTd(ı ◦ f)−1

)
,

and let α be the Gaussian Zd-action with spectral measure ρ. Then

R(n) =
sin(2π(n1β1 + · · ·+ ndβd))

2π(n1β1 + · · ·+ ndβd)
. (1.15)

Choose a sequence nj = (n
(j)
1 , . . . , n

(j)
d ) → ∞ with n

(j)
1 β1 + · · ·+ n

(j)
d βd → 0

as j → ∞. Then R(nj) → 1 as j → ∞, so the 2t–dimensional random
Gaussian vector

Φj(ω) =
(
ξm1 (ω), . . . , ξmt

(ω), ξm1−nj
(ω), . . . , ξmt−nj

(ω)
)

has covariance matrix (
V

(j)
00 V

(j)
10

V
(j)
01 V

(j)
11

)
,

where V
(j)
00 = V

(j)
11 is the covariance matrix V of

(ξm1(ω), . . . , ξmt
(ω)) ,

and the (p, q)th entry of V
(j)
01 is

E{ξmp
ξmq−nj

} = R(mp −mq + nj) → R(mp −mq)

as j → ∞ by our choice of nj . Thus V
(j)
01 → V and similarly V

(j)
10 → V

as j → ∞. It follows that

µ
(
αnj

(A) ∩ A)
)
→ µ(A)

as j → ∞ for any A ∈ F , so α is rigid.
Now let S = {n1, . . . ,nr} ⊂ Zd be a fixed shape, and define a random

vector of dimension rt by Ψk(ω) =
(
ξmi−knj

(ω) | i = 1, . . . , t; j = 1, . . . , r
)
.

This vector is Gaussian with zero mean and covariance matrix
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Vk =



V 11
k V 12

k . . . V 1r
k

...
...

V r1
k V r2

k . . . V rr
k


 ,

where V jℓ
k is the t× t matrix whose (p, q)th element is

v
(j,ℓ)
(p,q)(k) = E

(
ξmp−knj

ξmq−knℓ

)
=

{
R(mp −mq) if j = ℓ;

R(mp −mq + knℓ − knj) if j 6= ℓ.

Notice that V0 = V jj
k is the covariance matrix of (ξn1 , . . . , ξnt

). For j 6= ℓ, it
is clear from equation (1.15) that

lim
k→∞

v
(j,ℓ)
(p,q)(k) = 0,

so that

lim
k→∞

Vk =




V0 0 . . . 0
0 V0 . . . 0

. . .

0 0 . . . V0


 .

It follows that α is mixing for all shapes.





Chapter 2

Geometric and Combinatorial
Constructions

We have seen in [5, Chap. 3] the Gauss map, which is of interest because of
the direct connection to continued fractions and Diophantine approximation.
Noticing that the Gauss measure is preserved by this map gives rise to an
important example of a measure-preserving transformation, but it is not clear
a priori what would make one write down that measure. In [5, Ex. 2.9] we
used the Kolmogorov consistency theorem [5, Th. A.11] to write down conve-
nient measures on finite product spaces A{1,2,...,n} and used this to construct
measure-preserving systems in which the map is the left shift on AZ.

In this appendix we construct some different examples, which may initially
be thought of as generalizing the circle rotation in [5, Ex. 2.2]. In the circle
rotation we start with Lebesgue measure, which enjoys certain geometrical
properties (in particular, it is invariant under translations), and use that
to write down a map that respects enough of the geometric structure to
preserve the measure. As in Chapter 1, we can do no more than introduce
these constructions here, and point at some surveys of the more sophisticated
results1.

2.1 Interval Exchange Transformations

Interval exchanges are a natural class of measure-preserving dynamical sys-
tems (the order-preserving piecewise isometries of an interval); they are de-
fined by a small amount of combinatorial data yet have a very rich structure2.

1 Several surveys are mentioned in the notes; a particularly significant lacuna in both this
appendix and in Chapter 1 concerns spectral properties; there are surveys on this aspect
by Katok and Thouvenot [22] and Goodson [13], and a monograph by Nadkarni [28].
2 Interval exchange transformations were introduced by Oseledec [31] and Katok and
Stepin [21]. Keane [23] showed that there are only finitely many invariant ergodic mea-
sures and characterized a dense orbit property (called minimality by analogy with the case
of continuous maps); Keynes and Newton [25] and Keane [24] showed that there may be

27
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Definition 10. Let X = [0, 1), r > 2, let α = (α1, . . . , αr) be a proba-
bility vector with αi > 0 for 1 6 i 6 r, and let π ∈ ΣR be a permu-
tation of {1, . . . , r}. Associate to this data vectors β = (β0 = 0, β1, . . . , βr)

where βi =
∑i

j=1 αj and βπ = (βπ
0 = 0, βπ

1 , . . . , β
π
r ) where β

π
i =

∑i
j=1 απ−1(j).

The interval exchange transformation associated to the data (α, π) is the
map T : X → X defined by

T (x) = x− βi−1 + βπ
π(i)−1

for x ∈ [βi−1, βi).

Some properties follow at once from Definition 10.

• Writing Ai = [βi−1, βi) for 1 6 i 6 r we see that {A1, . . . , Ar} is a partition
of [0, 1) into half-open intervals, with the length of Ai being αi.

• The interval exchange defined by (απ, π−1), where

απ = (απ−1(1), . . . , απ−1(r)),

is the inverse of T .
• T acts as a piecewise rotation, so preserves Lebesgue measure.
• T (βi) = βπ

π(i+1)−1 for 0 6 i 6 r − 1.

We will also speak of T as being an interval exchange on the ordered
partition (A1, . . . , Ar).

Example 3. For r = 2 we must have

α = (α1, α2 = 1− α1)

and
β = (0, α1, 1).

Write Σ2 = {ı, (12)}, where ı is the identity and (12) swaps 1 and 2.

1. If π = ı then απ = α so βπ = β, and T (x) = x is the identity map
on [0, 1).

several ergodic measures even when Lebesgue measure is ergodic and the lengths of the
intervals satisfy strong irrationality conditions; Rauzy [32] introduced a powerful inducing
construction for interval exchanges; Masur [27] and Veech [36] showed that almost every
minimal interval exchange is uniquely ergodic; Nogueira and Rudolph [30] showed that
almost every interval exchange under a mild condition on the permutation has no continu-
ous eigenfunction; Avila and Forni [2] showed that almost every interval exchange is either
weak-mixing or a circle rotation. A detailed survey of interval exchange transformations,
with particular emphasis on the geometry surrounding them and with many examples
and more complete references, is given by Viana [39]. Some combinatorial and arithmetic
aspects of interval exchanges are discussed in the collection edited by Berthé, Ferenczi,
Mauduit and Siegel [7]. Our short and elementary introduction follows that of Keane [23]
and Cornfeld, Fomin, and Sinăı [4] closely.
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2. If π = (12) then απ = (1 − α1, α1) and βπ = (0, 1− α1, 1), so

T (x) = x+ (1− α1) (mod 1).

Thus an interval exchange on two intervals is simply a circle rotation,
and therefore many properties are clear. In the non-trivial case π = (12),
almost every choice of α1 gives a map with the property that every point is
dense (a theorem of Kronecker), the orbit of every point is equidistributed
(a theorem of Weyl), and Lebesgue measure is the only invariant measure
(see [5, Ex. 4.11]). Much of the more advanced work on interval exchanges is
concerned with understanding the extent to which those properties survive
for r > 2.

Example 4. Let r = 3, π = (13) and assume that α3 6 α1. Then

β = (0, α1, α1 + α2, 1)

and
βπ = (0, α3, α2 + α3, 1),

and the resulting interval exchange

T (x) =





x+ α2 + α3 if x ∈ A1;

x− α1 + α3 if x ∈ A2;

x− α1 − α2 if x ∈ A3

is illustrated in Figure 2.1.

α3

α2 + α3

β1 β2

Fig. 2.1: An interval exchange on three intervals.

The interval Y = A1 ∪A2 is indicated in Figure 2.1, and the map

S : Y → Y
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induced by T is shown in Figure 2.2; we have

S(x) =

{
T (x) if x ∈ A2 ∪

(
A1 ∩ T−1Y

)
;

T 2(x) if not,

and thus S(x) = x + (α1 − α3) modulo α1 + α2. It follows that the induced
map S is a circle rotation by α1−α3

α1+α2
, and we may use the rather complete

understanding of the dynamical properties of S to study T .

α3

α2 + α3

β1 β2

Fig. 2.2: The induced map on A1 ∪ A2 is a rotation.

Notice that for n > 2 the map T n is an interval exchange on intervals of
the form

Ai0 ∩ T−1Ai1 ∩ · · · ∩ T−(n−1)
in−1

;

each such interval is either empty or is a half-open interval. Write L(T ) for
the set of left end points of the intervals defining an interval exchange T , so
that, for n > 2,

L(T n) =

n−1⋃

i=0

T−i (L(T ))

and

L(T−n) =
n⋃

i=1

T i (L(T )) .

By construction, any interval exchange is continuous from the right on all
of [0, 1) (and is an isometry at all but finitely many points). It follows that
if T is an interval exchange and T (x) = x then the entire exchanged interval
containing x (which contains an interval of the form [x, x+δ) for some δ > 0)
must be fixed pointwise by T . Since T n is also an interval exchange, the same
property holds for points of any period. Thus there is an extreme dichotomy,
in which an interval exchange again resembles a circle rotation: either T has
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no periodic points at all, or there is some n > 1 that pointwise fixes a non-
trivial interval. In the latter case, it is clear that Lebesgue measure cannot
be ergodic for T .

Theorem 5. The following properties of the interval exchange T defined on

the r intervals (A1, . . . , Ar) are equivalent.

1. T has no periodic points;

2. for any choice of i0, . . . , in,

diam (Ai0 ∩ T (Ai1) ∩ · · · ∩ T n(Ain)) → 0 (2.1)

as n→ ∞;

3. the set of orbits of left end-points, L∗(T ) =
⋃

k>0 T
kL(T ), is dense

in [0, 1).

Proof. (2) ⇐⇒ (3): For each n > 1 the intervals of the form in equa-
tion (2.1) form a partition ξn of [0, 1) into half-open intervals; by construc-
tion each of the intervals in ξn is a union of intervals in ξn+1. The union of
all the left end-points of intervals appearing in some ξn is exactly L∗(T ), so
conditions (2) and (3) are equivalent.

(2) =⇒ (1): If (1) is not satisfied, then by the discussion above there is
some n > 1 for which T n acts as the identity on some interval of positive
diameter, showing that (2) and (3) cannot hold.

(1) =⇒ (3): Assume that (3) does not hold, so that the non-empty open
set

O = [0, 1) \ L∗(T ),

which is a union of open intervals, is invariant under T . It follows that T iso-
metrically permutes these intervals in some way; since [0, 1) can only contain
a finite number of non-empty open intervals of given length, it follows that
all the points of O are periodic points for T , so (1) does not hold. �

2.1.1 Mixing for Interval Exchanges

The simplest interval exchange is a circle rotation, which is known to not be
mixing (indeed, it is not weak mixing). In this section we give an argument
due to Katok to show that an interval exchange is never mixing.

Lemma 5. Suppose that ([0, 1),B, µ, T ) is an invertible measure-preserving

transformation, and that we can find sequences (ξn), (kn) and (sn) with the

following properties:

1. there is an S for which sn 6 S for all n > 1;
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2. ξn = {A(n)
1 , . . . , A

(n)
sn } is a measurable partition of [0, 1) in the sense

that µ
(
A

(n)
i ∩ A(n)

j

)
= 0 for i 6= j and µ

(
A

(n)
1 ∪ · · · ∪ A(n)

sn

)
= 1 for

all n > 1;

3. kn =
(
k
(n)
1 , . . . , k

(n)
sn

)
with min16j6sn k

(n)
j → ∞ as n→ ∞; and

4. for any A ∈ B,

µ



A△




sn⋃

j=1

T k
(n)
j

(
A

(n)
j ∩ A

)






→ 0

as n→ ∞.

Then ([0, 1),B, µ, T ) is not mixing.

Proof. Let A ∈ B. By the assumption (4),

µ



A ∩




sn⋃

j=1

T k
(n)
j

(
A

(n)
j ∩A

)






→ µ(A) (2.2)

as n→ ∞; on the other hand

µ



A ∩




sn⋃

j=1

T k
(n)
j

(
A

(n)
j ∩ A

)






 = µ




sn⋃

j=1

(
A ∩ T k

(n)
j

(
A

(n)
j ∩ A

))




6

sn∑

j=1

µ
(
A ∩ T k

(n)
j

(
A

(n)
j ∩ A

))

6

sn∑

j=1

µ
(
A ∩ T k

(n)
j (A)

)
.

If ([0, 1),B, µ, T ) is mixing, then properties (1) and (3) imply that

lim sup
n→∞

µ
(
A ∩ T k

(n)
j (A)

)
6 s (µ(A))

2
,

which contradicts equation (2.2) whenever µ(A) < 1
s (we may assume that µ

is non-atomic, since an atomic invariant measure is never mixing). It follows
that T cannot be mixing. �

Theorem 6 (Katok3). If T : [0, 1) → [0, 1) is an interval exchange trans-

formation, and µ is any Borel measure on [0, 1) preserved by T , then the

measure-preserving system ([0, 1),B, µ, T ) is not mixing.

3 This result is due to Katok, and may be found in the notes by Katok, Sinăı and Stepin [20].
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Proof. We may assume that the measure µ is non-atomic, and by taking
the ergodic decomposition of µ [5, Th. 6.2] we may further assume without
loss of generality that µ is ergodic for T . We will show that T is not mixing
with respect to µ by exhibiting the combinatorial structure in the hypothesis
of Lemma 5.

Write T = T0, and assume that T0 is an interval exchange without periodic

points defined on the intervals A
(0)
1 , . . . , A

(0)

k(0) partitioning I(0) = [0, 1). We
will construct a nested sequence

I(0) ⊃ I(1) ⊃ · · · I(n) ⊃ · · ·

of half-open intervals, and denote by Tn the transformation induced by T0 on
the interval I(n), with the first return time rAn

defined as in [5, Eqn. 2.36]
denoted by r(n) (see [5, Sect. 2.9]). The next lemma states that any such
induced transformation is an interval exchange of constrained complexity.

Lemma 6. If T is an interval exchange on k intervals and [a, b) ⊂ [0, 1),
then the induced transformation T[a,b) is also an interval exchange on no

more than k + 2 intervals.

Proof. In the notation of Definition 10, the left end-points of the intervals
defining T are 0, β1, . . . , βk−1. For each point x ∈ D = {a, b, β1, . . . , βk−1},
let

s(x) = min{s > 0 | T−s(x) ∈ [a, b)}
if any such s exist. There are no more than k + 1 elements of

{T−s(x)(x) | x ∈ D},

so they divide the interval [a, b) into k1 6 k + 2 half-open intervals denoted

A′
1, . . . , A

′
k1
.

For each half-open interval A′
i let

ri = min{r > 1 | T rA′
i ∩ [a, b) 6= ∅}.

By construction, for 1 6 j 6 ri the transformation T j is continuous on A′
i.

We claim that T riA′
i ⊂ [a, b), since if not there is some j with 1 6 j <

ri for which the half-open interval would contain a point x ∈ D, which
implies that s(x) = j, so the point T−j(x) = T−s(x)(x) would lie in A′

i,
contradicting the definition of A′

i. It follows that r[a,b)(x) = ri for x ∈ A′
i; the

transformation T[a,b) (which coincides with T ri on A′
i) is an interval exchange

on the intervals A′
1, . . . , A

′
k1
. �

Returning to the proof of Theorem 6, the transformation Ti : I
(i) → I(i) is

an interval exchange of a set of half-open intervals I
(i)
j for 1 6 j 6 k(i), and we
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denote by r
(i)
j the value of r(i) on I

(i)
j . Since the original transformation T is

assumed to have no periodic points, we must have k(i) > 2, so the function r(i)

is not everywhere constant. Write r
(i)
j0(i)

= max{r(i)j | 1 6 j 6 k(i)}, and define

the interval I(i) to be I
(i)
j0(i)

. By definition of the return functions r(i+1), we

have
r(i+1)(x) > r

(i)
j0(i)

(2.3)

for i > 0 and x ∈ I(i+1). Since r(i) is not everywhere constant,

r
(i+1)
j0(i+1) > r

(i)
j0(i)

. (2.4)

As a result of equations (2.3) and (2.4),

m(i) = min{r(i)j | 1 6 j 6 r(i)} → ∞ (2.5)

as i→ ∞. By Kac’s theorem [5, Th. 2.44], we have

m(i) diam(I(i)) 6 diam(I(0)) = 1,

so equation (2.5) implies that

diam(I(i)) → 0 (2.6)

as i→ ∞.
For any i > 0 and j, 1 6 j 6 k(i), let Ti,j denote the transformation of the

half-open interval I
(i)
j induced by T0. By construction, each Ti,j is an interval

exchange defined on half-open intervals which we may denote by I
(i)
j,ℓ ⊂ I

(i)
j

with 1 6 ℓ 6 k
(i)
j .

By Lemma 6 and the construction of Ti and Ti,j , we have

k(i) 6 k(0) + 2 (2.7)

and
k
(i)
j 6 k(0) + 2. (2.8)

For any x ∈ I
(i)
j , the return function r

(i)
j corresponding to the induced trans-

formation Ti,j is bounded below by r(i), so that if r
(i)
j (x) = r

(i)
j,ℓ for x ∈ I

(i)
j,ℓ ,

then
r
(i)
j,ℓ > m(i) (2.9)

for all ℓ, 1 6 ℓ 6 k
(i)
j .

Now for i > 0, 1 6 j 6 k(i), and 1 6 ℓ 6 k
(i)
j , define
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A
(i)
j,ℓ =

k
(i)
j⋃

p=0

T pI
(i)
j,ℓ

and
k
(i)
j,ℓ = r

(i)
j,ℓ .

Since the set M1 =
⋃

j,ℓ>1A
(i)
j,ℓ is invariant under T , the ergodicity of µ

implies that µ(M1) = 1 or µ(M1) = 0. If µ(M1) = 1 then

ξi = {A(i)
j,ℓ | 1 6 j 6 k(i), 1 6 ℓ 6 k

(i)
j }

is a partition of ([0, 1),B, µ). If µ(M1) = 0, then the set [0, 1) \M1 is a T -
invariant union of a finite collection of half-open intervals, and we may carry
out the construction above with [0, 1) \M1 in the role of I(0). Since T = T0
is an exchange of a finite collection of intervals we can, by repeating the
construction several times if need be, eventually obtain a partition ξi as above
so that the associated transformations Ti and Ti,j possess the properties in
equations (2.3)–(2.8).

We claim that the construction of the partitions ξi and the numbers k
(i)
j,ℓ

satisfy the hypotheses of Lemma 5, completing the proof of Theorem 6. The

inequalities (2.7) and (2.8) show that the number of elements A
(i)
j,ℓ in the

partition ξi does not exceed s = (r(0) + 2)2. By the inequality (2.9) and
equation (2.5), we must have

min
j,ℓ

r
(i)
j,ℓ → ∞

as i→ ∞. Now suppose that C ∈ B and fix δ > 0. Letting j and p range over

the intervals 1 6 j 6 k(i) and 1 6 p 6 r
(i)
j , define sets

C+
δ,i = {x | x ∈ T pI

(i)
j and µ(C ∩ T pI

(i)
j ) > (1− δ)µ(I

(i)
j )},

C−
δ,i = {x | x ∈ T pI

(i)
j and µ(C ∩ T pI

(i)
j ) 6 δµ(I

(i)
j )},

and

Cδ,i = {x | x ∈ T pI
(i)
j and δµ(I

(i)
j ) 6 µ(C ∩ T pI

(i)
j ) 6 (1− δ)µ(I

(i)
j )}.

By the Lebesgue density theorem [5, Th. A.24] and the fact that µ is not
atomic, equation (2.6) implies that

µ(Cδ,i) → 0, (2.10)

µ(C△C+
δ,i) → 0,

and
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µ
(
([0, 1) \ C)△C−

δ,i

)
→ 0 (2.11)

as i→ ∞. We have

T k
(i)
j,ℓI

(i)
j,ℓ ⊂

k
(i)
j⋃

p=0

T pI
(i)
j ,

and the unions are pairwise disjoint for different values of j, so

µ



C△




⋃

j,ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)








=
∑

j,p

µ
(
T pI

(i)
j

)
µ

(
C△

⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)∣∣T pI
(i)
j

)

=
∑+

δ,i+
∑−

δ,i+
∑

δ,i,

where the three sums are taken over those j and p for which T pI
(i)
j is con-

tained in the sets C+
δ,i, C

−
δ,i and Cδ,i respectively. Since

∑
δ,i 6 µ(Cδ,i), so

equation (2.10) implies that ∑
δ,i → 0 (2.12)

as i→ ∞. Now
T k

(i)
j,ℓI

(i)
j,ℓ ∩ T pI

(i)
j = T k

(i)
j,ℓ

(
T pI

(i)
j,ℓ

)
,

so that T pI
(i)
j ⊂ C+

δ,i implies that

µ

(
C△

⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)∣∣T pI
(i)
j

)
6 µ

(
T pI

(i)
j \

⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)∣∣T pI
(i)
j

)

+ δ

= µ

(
T pI

(i)
j \

⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩C

)

∩ T pI
(i)
j

∣∣T pI
(i)
j

)
+ δ

= µ

(
T pI

(i)
j \

⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩C

)∣∣T pI
(i)
j

)

+ δ. (2.13)

Since
⋃

ℓ T
k
(i)
j,ℓ

+pI
(i)
j,ℓ = T pI

(i)
j , and the sets in the union are pairwise disjoint

for different values of ℓ, and the set C ∩ T pI
(i)
j differs from T pI

(i)
j by a set of

measure no more than δ, we have
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⋃

ℓ

T k
(i)
j,ℓ

(
T pI

(i)
j,ℓ ∩ C

)
⊂ T pI

(i)
j

and

µ

(
⋃

ℓ

T k
(i)
j,ℓ

(
T pI

(i)
j,ℓ ∩C

))
=
∑

ℓ

µ
(
T k

(i)
j,ℓ

(
T pI

(i)
j,ℓ ∩ C

))

=
∑

ℓ

µ
(
T pI

(i)
j,ℓ ∩ C

)

= µ
(
T pI

(i)
j ∩ C

)
> (1− δ)µ

(
T pI

(i)
j

)
.

It follows that

µ

(
T pI

(i)
j \

⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)∣∣T pI
(i)
j

)
6 δ,

which with equation (2.13) gives

µ

(
C△

⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)∣∣T pI
(i)
j

)
< 2δ,

and therefore ∑+
δ,i < 2δ. (2.14)

Finally, we wish to estimate the size of
∑−

δ,i. We have

∑−
δ,i = µ




C△



⋃

j,ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)



 ∩ C−

δ,i




= µ
(
C ∩ C−

δ,i

)
+
∑

j,p

µ
(
T pI

(i)
j

)
µ

(
⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)∣∣T pI
(i)
j

)
.

Since C ∩C−
δ,i ⊂ ([0, 1) \ C)△C−

δ,i, equation (2.11) implies that

µ
(
C ∩ C−

δ,i

)
→ 0 (2.15)

as i→ ∞. Arguing as for the case
∑+

δ,i, we have

µ

(
⋃

ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩C

)∣∣T pI
(i)
j

)
= µ

(
⋃

ℓ

T k
(i)
j,ℓ

(
T pI

(i)
j,ℓ ∩ C

)∣∣T pI
(i)
j

)
,
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⋃

ℓ

T k
(i)
j,ℓ

(
T pI

(i)
j,ℓ ∩ C

)
⊂ T pI

(i)
j ,

and

µ

(
⋃

ℓ

T k
(i)
j,ℓ

(
T pI

(i)
j,ℓ ∩ C

))
= µ

(
T pI

(i)
j ∩ C

)
6 δµ

(
T pI

(i)
j

)
,

so the second sum in
∑−

δ,i is bounded above by δ.
Thus the bounds from (2.12), (2.14) and (2.15) together give

µ


C△

⋃

j,ℓ

T k
(i)
j,ℓ

(
I
(i)
j,ℓ ∩ C

)

→ 0

as i→ ∞, which proves the theorem by Lemma 5. �

2.1.2 Invariant Measures for Interval Exchanges

Clearly an interval exchange transformation may have many invariant mea-
sures if it has periodic points (in the extreme case, the identity map is an
interval exchange). The next example shows that Lebesgue measure may not
be the only invariant measure for an interval exchange transformation, even
if it is assumed to not have any periodic points.

Example 5. Let α ∈ (0, 12 ) be irrational, and let T be the interval exchange
defined by the data α = (α, 12 − α, α, 12 − α) and π = (12)(34) ∈ Σ4. Then

β = (0, α, 12 ,
1
2 + α, 1)

and
β
π = (0, 12 − α, 12 , 1− α, 1),

and the resulting map is show in Figure 2.3; it is clear that this map has no
periodic points since α is irrational.

Thus the interval [0, 12 ) is invariant under T , so Lebesgue measure is not
ergodic for T . It follows that there must be at least two ergodic invariant
measures for T . Indeed, there are two ergodic measures given by normalized
Lebesgue measure restricted to [0, 12 ) and [ 12 , 1).

Theorem 7 (Keane4). Suppose that T is an interval exchange without peri-

odic points defined on r intervals, and let µ be a T -invariant Borel probability

4 Corollary 1 is due to Keane [23]; our treatment is taken from the monograph of Cornfeld,
Fomin, and Sinăı [4], who mention that this was also shown by Zemlyakov.
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1

2
− α

1− α

α α+ 1

2

Fig. 2.3: An interval exchange with more than one ergodic invariant measure.

measure on [0, 1). Then [0, 1) is a union of no more than r subsets of positive

measure invariant under T .

Proof. The measure µ is non-atomic since there are no periodic points.
Write

H = {f ∈ L2
µ | UTd = f}

for the subspace of invariant functions. Assume that [0, 1) is partitioned into k
sets A1, . . . , Ak, invariant under T , of positive µ-measure, and define

H′ = {f ∈ L2
µ | f is a.e. constant on each Ai}.

Clearly H′ ⊂ H, so the dimension of H as a complex vector space is no
smaller than k. Thus the theorem will follow if we can establish that

dim(H) 6 r. (2.16)

For any function h ∈ L2
µ, let

H(h) = ≪ Un
T h | n ∈ Z ≫

be the closure of the linear span of the orbit of h under UT and write PT for
the orthogonal projection onto the space H of invariant functions. Write

h⊥ = h− PTh,

and notice that for any h ∈ L2
µ the space H(PTh) is one-dimensional (if h has

a non-trivial projection onto H) or zero-dimensional. By the mean ergodic
theorem [5, Th. 2.21],

1

N

N−1∑

n=0

Un
T h→ PTh
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as N → ∞, so PTh ∈ H(h). It follows that h⊥ = h − PTh ∈ H(h), and
thus H(h⊥) ⊂ H(h). Now UT is unitary and by construction h⊥ ⊥ H,
so H(h⊥) ⊥ H and H(h⊥) ⊥ H(PTh). Thus

H(h) = H(h⊥)⊕H(PTh).

Assume now that we have found functions h1, . . . , hp ∈ L2
µ with the prop-

erty that
L2
µ = H(h1) + · · ·+H(hp). (2.17)

Then
H = PTh1 + · · ·+ PThp,

so dim(H) 6 p. Thus equation (2.16) will follow if we can find r functions
satisfying equation (2.17).

Let h1 = χA1 , . . . , hr = χAr
, where the Ai are the intervals exchanged

by T . By Theorem 5(2) and the fact that µ is non-atomic, the linear span of
the indicator functions of the sets of the form

Ai0,...,im = Ai0 ∩ TAi1 ∩ · · · ∩ TmAim

(for m > 1 and ik ∈ {1, . . . , r} for each k) is dense in L2
µ. Thus it is enough

to show that any such function can be written in the form

r∑

i=1

m∑

k=0

cikU
−k
T χAi

∈ H(χA1)⊕H(χA2)⊕ · · · ⊕ H(χAr
). (2.18)

We prove equation (2.18) by induction on the parameter m. For m = 0 this
is clear, so assume that equation (2.18) holds for m. Then

χAi0,...,im+1
= χAi0

χTAi1∩···∩Tm+1Aim+1
= χAi0

U−1
T χAi1,...,im+1

.

By the inductive hypothesis, the function χAi1,...,im+1
can be put in the form

of equation (2.18). Consider the intervals Ai0 as i0 varies in their order in the
interval [0, 1) (that is, in the order i0 = 1, i1 = 2, . . . ). Now

Ai1 ∩ TAi2 ∩ · · · ∩ TmAim+1 ⊂ Ai1 ,

so the sets of the form TAi1∩T 2Ai2∩· · ·∩Tm+1Aim+1 are half-open intervals,
which we shall also consider in the natural order from left to right in [0, 1).

Suppose first that i0 = 1. If

TAi1 ∩ T 2Ai2 ∩ · · · ∩ Tm+1Aim+1 ⊂ A1

then
χA1,i1,...,im+1

= U−1
T χAi1,...,im+1

,

which is in the desired form. If



2.1 Interval Exchange Transformations 41

TAi1 ∩ T 2Ai2 ∩ · · · ∩ Tm+1Aim+1 6⊂ A1 (2.19)

then
χA1,i1,...,im+1

= χA1 −
∑

χA1,i′
1
,...,i′

m+1
,

where the sum is taken over all choices of tuples (i′1, . . . , i
′
m+1) for which

TAi′1,...,i
′

m+1
⊂ A1.

Using the case equation (2.19), each of these summands can be put in the
form desired, proving the result by induction in the case i0 = 1.

Now assume that i0 = 2 (the case i0 > 2 follows by a simple modification
of the argument). There are again two possibilities. If

TAi1 ∩ T 2Ai2 ∩ · · · ∩ Tm+1Aim+1 ⊂ A1 ∪ A2,

then
χA2,i1,...,im+1

= U−1
T χAi1,...,im+1

− χA1,i1,...,im+1
,

which may be put into the desired form using the case i0 = 1. If

TAi1 ∩ T 2Ai2 ∩ · · · ∩ Tm+1Aim+1 6⊂ A1 ∪ A2,

then there are two possibilities. If TAi1,...,im+1 ∩ (A1 ∪ A2) = ∅ then

χA2,i1,...,im
= 0.

If TAi1,...,im+1 ∩ (A1 ∪A2) 6= ∅ then χA2,i1,...,im+1
can be written in the form

U−1
T χAi1,...,im+1

−
∑

χA1,i′
1
,...,i′

m+1
−
∑

χA2,i′′
1
,...,i′′

m+1
,

where the summands each correspond to a case already considered. This
proves equation (2.18) and hence the theorem. �

Corollary 1. If T is an interval exchange on r intervals, then T has no more

than r distinct ergodic invariant measures.

Proof. If µ1, . . . , µp are ergodic T -invariant measures then, by the ergodic
theorem, we may find disjoint T -invariant sets B1, . . . , Bp such that

µi(Bj) =

{
1 if i = j;

0 if i 6= j.

If µ = 1
p

∑p
i=1 µi of the measures, then by construction µ is T -invariant

and µ(Ai) =
1
p > 0, so the statement follows from Theorem 7. �
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2.2 Cutting and Stacking

Relaxing some of the conditions imposed in the definition of interval exchange
transformations (Definition 10), and in particular permitting there to be in-
finitely many intervals, gives a larger class of transformations5. The extent of
this increased flexibility is shown in Theorem 8, which should be contrasted
with Theorem 6. Cutting and stacking is motivated by the Kakutani–Rokhlin
lemma [5, Lem. 2.45], which says that up to an arbitrarily small part of the
space X , a measure-preserving systems (X,B, µ, T ) with µ non-atomic has
a geometrical presentation as a Rokhlin tower. Notice that a geometrical
presentation of a transformation in this way is implicitly using the material
from [5, Sect. A.6], in that it presents measurable subsets of a non-atomic
Borel probability space as intervals of the real line. This identification will
become explicit in Theorem 8.

The construction of a measure-preserving transformation by cutting and
stacking resembles Definition 10 but organizes the combinatorial information
differently6.

2.2.1 Cutting and Stacking Transformations

Let (X,B, µ) be a Borel probability space, and assume that µ is non-atomic.
A stack S = stack(h,w) of height h and width w is a collection of h intervals
each of length w. Such a stack implicitly defines a transformation on all levels
of the stack apart from the top level by requiring that the stack behave like
a Rokhlin tower for the transformation (see Figure 2.4).

The support of the stack S, denoted |S|, is the union of all the intervals
in S. A cutting of a stack stack(h,w) is defined whenever we are given positive
widths w1, . . . , wb with w1 + · · · + wb = w; it comprises b disjoint stacks Si,
obtained by dividing each level of S into b intervals of widths w1, . . . , wb (read
from left to right) and then defining Si to be the stack formed by the ith

interval at each level, as illustrated in Figure 2.5, so that |S| = ⋃b
i=1 |Si|.

Given stacks S1 = stack(h1, w) and S2 = stack(h2, w) of the same width,
we may concatenate them to form S1S2 = stack(h1+h2, w) by placing the h2
levels of S2 above the h1 levels of S1 and treating them as a single stack of
height h1 + h2.

A general cutting and stacking construction starts with a finite collection
of stacks. The final transformation is built up in infinitely many stages, each
of which involves cutting the stacks into smaller stacks and then adding some

5 A related but different family of constructions, in particular better adapted to build-
ing smooth models with controlled measurable properties, may be found in the notes of
Katok [19].
6 We follow the notation and presentation of Arnoux, Ornstein and Weiss [1] in this section.
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level h

h− 1
levels

︷
︸
︸

︷

︷ ︸︸ ︷
w

Fig. 2.4: Part of a transformation defined by a stack S = stack(h, w).

S S1 S2 S3

Fig. 2.5: Cutting a stack S into three stacks.

new levels to the resulting stacks (not necessarily adding the same number
of levels to each). Two conditions are needed to make this infinite process
define a measure-preserving transformation on a Borel probability space: the
sum of all the widths of all the intervals used must be finite (and we can
then always arrange for it to be 1 by normalizing), and the maximum width
of any of the stacks at the nth stage must converge to zero. Once both of
these conditions are satisfied, the end product is automatically a Lebesgue
measure-preserving ergodic transformation7 of an interval (which may be
normalized to be [0, 1)). Notice that the final transformation is not defined
as a limit of other transformations: there is one single transformation, and
the infinite sequence of stages defines it on more and more of the space. Once
the transformation is defined on a part of the space, that definition is not
subsequently changed at a later stage. The residual set on which it is not
defined shrinks in measure to zero as n→ ∞.

7 We only need the measure-preserving part of this statement. Ergodicity and many other
features and examples of cutting and stacking may be found in the paper of Shields [34];
Friedman [11] gives an accessible introduction.
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Definition 11. A cutting and stacking construction is the transformation of
an interval defined by starting with a finite collection of stacks

Si = stack(hi, wi)

for 1 6 i 6 a, and then iterating the following procedure:

1. cut each stack Si into bi stacks of width wij , where
∑bi

j=1 wij = wi,
resulting in new stacks Sij = stack(hi, wij);

2. add new levels to the stacks Sij to form S
−
ijSijS

+
ij , where

S
−
ij = stack(fij , wij)

and
S
+
ij = stack(gij , wij)

for various fij , gij > 0; and
3. partition {(i, j) | 1 6 i 6 a, 1 6 j 6 bi} into sets I1, . . . , Ia′ with the

property8 that wij takes a single value w′
k on Ik, and concatenate in

order the stacks Sij with (i, j) ∈ Ik into a new stack S′k, before relabeling
the resulting stacks to repeat.

Notice that the height of the stack S′k is
∑

(i,j)∈Ik
(fij + hi + gij). The

choices that determine the transition from one stage to the next are the set
of cutting widths wij , the heights fij of the stacks S

−
ij added below, the

heights gij of the stacks S
+
ij added above, and the choice of the aggregated

sets Ik.

Example 6. Construct a cutting and stacking transformation as follows. Be-
gin with the intervals [0, 12 ) and [ 12 , 1) labeled 0 and 1; at this stage the
transformation T (which will eventually be defined on all of [0, 1)) is not
defined anywhere. Pass to the second stage by cutting each stack into four
equal intervals, and stacking them in pairs in such a way that all four pairs
of binary digits appear vertically. Choice is involved in doing this, and one
possible choice is illustrated in Figure 2.6(a). At this stage the transformation
is defined on half the space, and the graph of the part of the transformation
defined is shown in Figure 2.6(b).

At the next stage, each of the second stage columns of width 1
8 is cut

into 8 stacks of width 1
64 , which are then stacked again in such a way that all

possible binary blocks of length 4 appear in the stacks when viewed vertically.
At this point the transformation is defined on all but 1

4 of the space.

After n stages there are 22
n−1

stacks, each of which has height 2n−1 and
width 1/2n−122

n−1

, with a bijection between the labels on the columns and
the binary sequences of length 2n−1, with the transformation defined on all

8 The sets Ik need not be maximal with respect to this property, and the ordering of I1, . . .
is arbitrary.
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a aab bb

c

c

d

d eee f ff

g

g

h

h

(a) (b)

0 1

Fig. 2.6: The first stage, and the corresponding graph.

0
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0
1
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1
1

Fig. 2.7: The first three stages of Example 6.

but the top layer, which has measure 1/2n−1. At each stage of the construc-
tion every point x ∈ [0, 1) belongs to some stack and, since the widths of
the stack shrink to zero, almost every x ∈ [0, 1) eventually belongs to a level
other than the top level of some stack, and therefore the transformation T is
defined almost everywhere on [0, 1).

We may define a map θ : [0, 1) → {0, 1}Z, defined almost everywhere,
by T nx ∈ Aθ(x)n where A0 = [0, 12 ) and A1 = [ 12 , 1). This map is an isomor-
phism between the map constructed and the Bernoulli shift on two symbols
with (12 ,

1
2 )-measure.

Thus (in particular) it is possible for a transformation defined by cut-
ting and stacking to be mixing. The next result shows that much more is
true. Recall from [5, Exercise 2.9.2] that an invertible measure-preserving
system (X,B, µ, T ) is called aperiodic if µ

(
{x ∈ X | T k(x) = x}

)
= 0 for

all k ∈ Z \ {0}.
Theorem 8 (Arnoux, Ornstein, Weiss). Let (X,B, µ, T ) be an invertible

aperiodic measure-preserving system on a Borel probability space. Then there

is a transformation ([0, 1),B[0,1), S,m), obtained by cutting and stacking, that

is measurably isomorphic to (X,B, µ, T ).
Here B[0,1) denotes the Borel σ-algebra on [0, 1) and m denotes Lebesgue

measure. This result means that, up to measurable isomorphism, every
measure-preserving system may be obtained by cutting and stacking9. If

9 Like the Jewett–Krieger theorem discussed in [5, p. 119], this result in some ways needs to
be interpreted in reverse: it does not assert that the class of aperiodic measure-preserving
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we are happy to ignore a small part of the space, the Kakutani–Rokhlin
lemma [5, Lem. 2.45] makes Theorem 8 trivial. However, part of the mean-
ing of the Kakutani–Rokhlin lemma is that any aperiodic measure-preserving
system can be presented in a way that places all of the interesting dynamics
onto a set of arbitrarily small measure. Thus Theorem 8 requires an infinite
sequence of Rokhlin towers, and a check that they can be constructed in such
a way that the combinatorics of the transition from one tower to the next is
no more complicated than that allowed by the cutting and stacking construc-
tion. In order to do this a slight refinement of the Kakutani–Rokhlin lemma
is needed.

For a measure-preserving system, write R = tower(B, n, ǫ) for a Rokhlin
tower with base B ∈ B and residual set of measure exactly ǫ. Thus

B, TB, . . . , T n−1B

are disjoint sets, and µ
(⋃n−1

i=0 T
iB
)
= 1 − ǫ. As with a stack, we write |R|

for the support
⋃n−1

i=0 T
iB of the Rokhlin tower.

Lemma 7. Let X = (X,B, µ, T ) be an aperiodic measure-preserving system.

Then we may find a sequence of Rokhlin towers Ri = tower(Bi, ni, ǫi) for X

with the property that for any i > 1,

|Ri| ⊂ |Ri+1| \
(
Bi+1 ∪ T ni+1−1Bi+1

)
(2.20)

and for which µ (|Ri|) → 1 as i→ ∞.

Proof. Choose a sequence ǫi ց 0 as i→ ∞, and numbers

n1 < n2 < · · ·

with
∑∞

i=ℓ
ni

ni+1
< ǫℓ/4 for all ℓ > 1.

Start with Rokhlin towers

R
1
1 = tower(B1

1 , n1,
1
2ǫ1)

and
R
1
2 = tower(B1

2 , n2,
1
2ǫ2).

We wish to modify R1
1 so as to ensure equation (2.20) without changing it too

much. If |R1
1|∩
(
B1

2 ∪ T n2−1B1
2

)
6= ∅ (one of the ways in which this may happen

is illustrated in Figure 2.8), then we delete from the tower R1
1 a whole column

of height n1 (that is, a set of the form
⋃n1−1

i=0 T iA for some A ⊂ B1
1) so remove

that intersection. This results in a new Rokhlin tower R2
1 = tower(B2

1 , n1, ǫ
2
1)

with

systems has a simple structure up to isomorphism; instead it means that the class of
transformations constructed by cutting and stacking has a very complex structure.
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(
B1

2 ∪ T n2−1B1
2

)
∩ |R2

1| = ∅.
Since we have deleted a column of height n1, in each level deleting a set of
measure no larger than 1

n2
, we also have

µ
(
|R2

1|
)
> µ

(
|R1

1|
)
− 2n1

n2
.

B1

1

TB1

1

Tn1−1B1

1

B1

2

Tn2−1B1

2

Fig. 2.8: A Rokhlin tower R1

2
that does not contain R1

1
in its interior.

We repeat: for a Rokhlin tower R1
3 = tower(B1

3 , n3,
1
2ǫ3) and modify R1

2 to
some tower R2

2 by deleting whole columns of height n2; this at most removes
a set of measure 2n2

n3
from R

2
1 to give a new tower R3

1. After going through an

entire sequence of towers R1
i we end up with a sequence of towers R∞

1 ,R
∞
2 , . . .

with the desired properties: each R∞
i = tower(Bi, ni, ǫ

′
i) with ǫ

′
i 6 ǫi and with

equation (2.20). �

Proof of Theorem 8. Let ξ1 ⊂ ξ2 ⊂ · · · be a sequence of finite measurable
partitions of X with

∞∨

i=1

ξi =
µ
B.

Using Lemma 7, choose a sequence of towers R1 = tower(B1, n1, ǫ1),R2, . . .
with equation (2.20), ni ր ∞ and with ǫi ց 0 as i→ ∞. We use these towers
to construct a cutting and stacking transformation isomorphic to (X,B, µ, T ).

For the initial collection of stacks, take the tower R1 and subdivide it into
columns that are pure with respect to the partition ξ1: that is, write B1 as
the disjoint union of sets B1,1 ⊔ · · · ⊔B1,a1 where each B1,i is maximal with
the property that the sets B1,i, TB1,i, . . . , T

n1−1B1,i lie in a single set in ξ1.
This defines stacks S1,i = stack(n1, µ(B1,i)) for 1 6 i 6 a1. Each of these
stacks corresponds to a Rokhlin tower tower(B1,i, n1), and each level in S1,i

can be labeled with the label of the element of ξ1 to which the corresponding
level of tower(B1,i, n1, ǫ1,i) belongs.
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Now divide the tower R2 into maximal columns pure with respect to ξ2
by writing B2 = B2,1 ⊔ · · · ⊔ B2,a2 . The requirement that the stacks in the
second stage of the cutting and stacking construction correspond to the tow-
ers tower(B2,i, ni, ǫ2,i) determines the cutting widths, the index sets, and the
number of new labels (some choice is involved in assigning new levels be-
tween successive R1-columns in the towers based on B2,i to the top of the
lower or the bottom of the upper R1-column). This is possible since by con-
struction |R1| lies inside the interior of R2. As before, the stacks can be labeled
using the labels inherited from ξ2 seen in R2.

Repeating this procedure infinitely often gives a cutting and stacking con-
struction that defines a transformation S : [0, 1) → [0, 1) almost everywhere,
with partitions ξ′1 ⊂ ξ′2 ⊂ · · · in such a way that the process defined by ξi
under T is measurably isomorphic to the process defined by ξ′i under S, and
so that

∨∞
i=0 ξ

′
i generates all of B[0,1). This gives an isomorphism between T

and S as required. �

2.2.2 Chacon’s Transformation

In this section we describe a simple example of a measure-preserving system
that is weak-mixing but not mixing10.

Let a0 = 0, let an =
∑n

i=1
2

3i+1 , and let An = [ 23 + an−1,
2
3 + an) for n > 1.

The sets An are disjoint, and
⋃∞

n=1 An = [ 23 , 1). We define a transformation T
on [0, 1) by cutting and stacking as follows.

Start with the interval [0, 23 ), and cut it into three intervals of equal length,

[0, 23 ) = [0, 29 ) ⊔ [ 29 ,
4
9 ) ⊔ [ 49 ,

2
3 ).

Add the set A1 = [ 23 ,
8
9 ) above the middle interval, and then stack the four

intervals up as shown in Figure 2.9(a); the part of the transformation defined
at this stage is shown in Figure 2.9(b).

At the next stage we start with the stack in the center of Figure 2.9, of
height 4 and width 2

9 , cut it into three stacks each of width 2
27 , add the

set A2 = [ 2427 ,
26
27 ) above the middle stack, and then place the middle stack

(of height 5) above the left-most stack, and finally place the right-most stack
onto the top of the middle stack. The result is a stack with base [0, 2

27 ) and
height 13, which defines a map on all but 1

27 th of the space, as illustrated in
Figure 2.10.

10 As mentioned in [5, p. 67], the earliest construction of such a system seems to be
Gaussian; this cutting and stacking construction is related to one found by von Neumann
and Kakutani in 1940 but only published much later by Kakutani [18] and modified by
Chacon [3]; we follow Friedman [11] for this section.
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Fig. 2.9: The first stage in constructing the Chacon map.
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Fig. 2.10: The second stage in constructing the Chacon map.

Notice that the map defined by Figure 2.10 extends that defined in Fig-
ure 2.9: it does not change the values where they are already defined, but
extends the map by defining it on the interval [ 1427 ,

16
27 ).

At the nth stage we have a stack of some height hn and with base [0, 2
3n ).

We cut this into three stacks of equal width, and place the set An above
the middle stack. Stacking in the same way (middle onto the left, and then
right-most onto the middle) results in a stack of height hn+1 = 3hn +1 with
base [0, 2

3n+1 ).
If x ∈ [0, 23 ) then x is not on the top level of the nth stack for a sufficiently

large n, so T (x) is defined. If x ∈ [ 23 , 1), then x ∈ An for some unique n,
so T (x) is also defined. Thus we have defined a Lebesgue measure-preserving
map T : [0, 1) → [0, 1), which we call the Chacon map.

Theorem 9. The Chacon map T is weak-mixing, but not mixing, with respect

to Lebesgue measure.

Proof. Let A = [0, 29 ), so that A is a union of disjoint levels in the stack
constructed at level n for each n > 2. If B is one of those levels, then (see
Figure 2.10 for the n = 2 case of this) T hnB1 = B2, so

m
(
T hnB ∩B

)
> 1

3m(B).
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Since A is a disjoint union of these levels, we must also have

m
(
T hnA ∩ A

)
> 1

3m(A) = 2
27 ,

which contradicts mixing since µ(A)2 = 4
81 <

2
27 and hn → ∞ as n→ ∞.

We will use the characterization of weak-mixing from [5, Th. 2.36(5)], but
before doing so need to confirm that T is ergodic with respect to Lebesgue
measure. To this end, let A be a measurable subset of [0, 1) with m(A) > 0.
By the Lebesgue density theorem we may a find a point a ∈ A with the
property that for any ǫ > 0 there is some δ > 0 such that if I ∋ a is any
interval with m(I) < δ, then m(A∩ I) > (1− ǫ)m(I). Fix ǫ > 0 and choose n
large enough to ensure that T has been defined on a subset of [0, 1) with
measure at least 1 − δ and that x lies on the rth level J in the nth stack.
Since T acts by translation on the levels,

m
(
T i(A ∩ J)

)
= m(A ∩ J) > (1− ǫ)m(J)

whenever T iJ is still a level in that stack. It follows that

m




⋃

j∈Z

T jA



 > m




⋃

j∈Z

T j(A ∩ J)





>

hn−r∑

j=1−r

m
(
T j(A ∩ J)

)

>

hn−r∑

j=1−r

(1 − ǫ)m(J) = (1− ǫ)hnm(J) = (1 − ǫ).

Since ǫ > 0 was arbitrary, we conclude that the orbit
⋃

j∈Z
T jA has full

measure, so T is ergodic.
Now let f be a measurable function on [0, 1) with UT f = eiaf for some a

(that is, an eigenvalue for T ). Then |f | is invariant under T so, by ergod-
icity, |f | is a constant almost everywhere. By normalizing we may assume
that |f | = 1 almost everywhere, so that

f(x) = eiθ(x)

for some measurable map θ : [0, 1) → [0, 2π). By Lusin’s theorem (see [5,
Th. A.20]), for any ǫ > 0 we may find a closed set F with m(F ) > 1 − ǫ
with the property that θ is uniformly continuous on F : given ǫ′ > 0 there is
a δ′ > 0 such that x1, x2 ∈ F and |x1−x2| < δ′ implies that |θ(x1)−θ(x2)| <
ǫ′. By Lebesgue’s density theorem there is a point x ∈ F so that F has
Lebesgue density 1 at x. Let ǫ′′ > 0 be given; choose n large enough to
ensure that 2

3n < δ′ and with the property that there is a level J in the nth
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stack containing x with m(J ∩F ) > (1− ǫ′′)m(F ). If ǫ′′ is small enough, then
we can find points x1, x2, x3 ∈ J arranged as in Figure 2.11.

�� ����

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

�
�
�
�
�
�
�

����x y z

An

J

︸
︷
︷

︸

h
n

Fig. 2.11: The nth stack in Chacon’s map.

By the construction of the map T we must then have

eiθ(y) = f(y) = eihnaeiθ(x)

and
eiθ(z) = f(z) = ei(hn+1)aeiθ(x),

so that
θ(y) = hna+ θ(x) (2.21)

and
θ(z) = (hn + 1)a+ θ(y), (2.22)

where both equalities are meant modulo 1. By our choice of n, |x − y| < δ′

and |z − y| < δ′, so that taking equation (2.21) from equation (2.22) gives

|a+ θ(y)− θ(x)| = |θ(z)− θ(y)| < ǫ′

and hence
|a| 6 ǫ′ + |θ(y)− θ(x)| < 2ǫ′.

Since ǫ′ > 0 was arbitrary, it follows that a = 0, and therefore T is weakly
mixing. �

Exercise: Use the proof of Theorem 8 to show that any aperiodic measure-
preserving system on a Borel probability space is measurably isomorphic to
an interval exchange transformation T : [0, 1) → [0, 1) on infinitely many
intervals [tj−1, tj) with the properties that

1. limj→∞ tj = 1;
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2. T is a translation x 7→ x+ aj on each [tj−1, tj);
3. the only accumulation point of the set {tj−1 + aj} ∪ {tj + aj} is 1; and
4. T is 1-to-1.



References

1. P. Arnoux, D. S. Ornstein, and B. Weiss, ‘Cutting and stacking, interval exchanges
and geometric models’, Israel J. Math. 50 (1985), no. 1-2, 160–168.

2. A. Avila and G. Forni, ‘Weak mixing for interval exchange transformations and trans-
lation flows’, Ann. of Math. (2) 165 (2007), no. 2, 637–664.

3. R. V. Chacon, ‘Transformations having continuous spectrum’, J. Math. Mech. 16

(1966), 399–415.
4. I. P. Cornfeld, S. V. Fomin, and Y. G. Sinăı, Ergodic theory (Springer-Verlag, New
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17. K. Itô, ‘Complex multiple Wiener integral’, Jap. J. Math. 22 (1952), 63–86.
18. S. Kakutani, ‘Examples of ergodic measure preserving transformations which are

weakly mising but not strongly mixing’, in Recent advances in topological dynam-
ics (Proc. Conf., Yale Univ., New Haven, Conn., 1972; in honor of Gustav Arnold
Hedlund), pp. 143–149. Lecture Notes in Math., Vol. 318 (Springer, Berlin, 1973).

53



54 References

19. A. Katok, Combinatorial constructions in ergodic theory and dynamics, in University
Lecture Series 30 (American Mathematical Society, Providence, RI, 2003).
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